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SONIC BOOM SIMULATION BY MEANS O F  LOW-PRESSURE SOURCES 
BY U .  J .  Kurze, R ,  E.  Hayden, R .  Madden, 
C .  He Allen ,  E. E. Ungar 
ABSTRACT 
T h e o r e t i c a l  and exper imenta l  r e s u l t s  are p resen ted ,  which 
i n c i a t e  that  N-waves approximating f u l l - s c a l e  s o n i c  booms can 
b e  ob ta ined  from low-pressure p u l s e s  a p p l i e d  a t  t h e  t h r o a t  of a 
horn.  Conica l  horns are shown to be  optimum and to conf ine  
r a d i a t i o n  of  waves w i t h  sha rp  p r e s s u r e  d i s c o n t i n u i t i e s  to w i t h i n  
t h e  cone ang le .  It i s  determined that  exposure of a 1000 f t  dia- 
meter t e s t  s i t e  to a s imula t ed  s o n i c  boom r e q u i r e s  a horn which 
i s  roughly 1000  ft long ,  has a 300 f t  mouth d i ame te r  and a t h r o a t  
d iameter  of about  20  ft, and i s  l o c a t e d  s o  tha t  i t s  mouth i s  
2500 f t  from t h e  edge o f  the  t e s t  s i t e .  Peak v e l o c i t i e s  i n  t h e  
t h r o a t  cor responding  t o  Mach numbers below 0 . 5  t hen  can produce 
N-waves w i t h  ampli tudes of 1 4 0  to 148 dB ( r e  0 .0002  p b a r ) .  
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SONIC BOOM SIMULATION BY MEANS OF LOW-PRESSURE SOURCES 
By u ,  J .  Kurze, R. E.  Hayden, R.  Madden, 
C ,  H.  Al len ,  E.  E. Ungar 
I N T R O D U C T I O N  
With r e g u l a r  f l i g h t s  o f  supe r son ic  t r a n s p o r t s  about to 
become a r e a l i t y ,  there  e x i s t s  cons ide rab le  concern about t h e  
va r ious  adverse  e f f e c t s  which might r e s u l t  f r o m  s o n i c  booms 
a s s o c i a t e d  w i t h  such f l i g h t s .  Seve ra l  a s p e c t s  of  t h e  psycho- 
l o g i c a l  e f f e c t s  of booms have been i n v e s t i g a t e d ,  and a number 
of ana lyses  and scale-model s t u d i e s  kave been c a r r i e d  out i n  
o r d e r  to p r e d i c t  t h e  e f f e c t s  of s o n i c  booms on s t r u c t u r e s .  
Although one may a s c e r t a i n  some a s p e c t s  of t h e  responses  of 
s t r u c t u r e s  to s o n i c  booms from s t u d i e s  on s c a l e  models, f u l l -  
s c a l e  t e s t s  of a c t u a l  s t r u c t u r e s  s u b j e c t e d  to r e a l i s t i c  s o n i c  
booms are r e q u i r e d  t o  determine how w e l l  t h e s e  s t r u c t u r e s  w i l l  ' 
s u r v i v e  r e p e a t e d  s o n i c  boom exposure.  F u l l - s c a l e  t e s t s  w i t h  
p ropaga t ing  s o n i c  boom p u l s e s  are r e q u i r e d  because 
(1) It i s  p r a c t i c a l l y  imposs ib le  to reproduce all 
t he  impor tan t  s t r u c t u r a l  f e a t u r e s  (such as 
c l e a r a n c e s ,  edge s u p p o r t s ,  damping) i n  a s c a l e  
model, and 
s o n i c  boom sweeping over  a s t r u c t u r e  a f f e c t  
i t s  response  ( e .g . ,  see Ref,  1). 
( 2 )  The combined space/ t ime c h a r a c t e r i s t i c s  of a 
S e v e r a l  methods have been sugges ted  for exposing s t r u c t u r e s  
a t  a t e s t  s i t e  t o  r e a l i s t i c  s o n i c  booms. C l e a r l y ,  t h e  g r e a t e s t  
realism may be ob ta ined  from a c t u a l  a i r c r a f t  o v e r f l i g h t s .  A l -  
though t h i s  approach has been used to s tudy  community r e a c t i o n s  
and psycho log ica l  e f f e c t s ,  i t  would be p r o h i b i t i v e l y  c o s t l y  f o r  
s t r u c t u r a l  t e s t i n g  (where one d e s i r e s  to produce one or more 
booms p e r  minute)  and e x c e s s i v e l y  annoying to i n h a b i t a n t s  n e a r  
t h e  t e s t  s i t e .  
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Simulated f u l l - s c a l e  s o n i c  booms have been ob ta ined  from 
d e t o n a t i o n s  of  l i n e a r  arrays of  exp los ives  (e .g . ,  Ref. 2 ) .  T h i s  
approach a g a i n  i s  c o s t l y ,  as w e l l  as dangerous,  and cannot be 
used eas i ly  t o  gene ra t e  booms a t  a h igh  r e p e t i t i o n  ra te .  Besides, 
l i n e a r  arrays of  e x p l o s i v e s  have a minimum r a d i a t i o n  e f f i c i e n c y  
i n  t h e  a x i a l  d i r e c t i o n  (which i s  the  d i r e c t i o n  of  "N-wave" radia- 
t i o n ) .  The p u l s e s  radiated p e r p e n d i c u l a r l y  t o  t h e  l i n e  are no t  
"N-shaped" b u t  expose large areas t o  i n t e n s e  n o i s e .  Thus, t h e  
p o t e n t i a l  f o r  damage o r  annoyance o u t s i d e  t he  t e s t  s i t e  i s  very 
high a 
To overcome the  problems a s s o c i a t e d  w i t h  t he  p rev ious ly  
d i scussed  approaches,  one i s  l e d  t o  cons ide r  a t e s t  s y s t e m  i n  
which a v e l o c i t y  p u l s e  i s  gene ra t ed  a t  t he  t h r o a t  o f  a horn,  
and where the  horn bo th  c o n t r i b u t e s  t o  t h e  conversion of  t he  
v e l o c i t y  i n t o  a p r e s s u r e  p u l s e  and l i n i t s  t h e  r e g i o n  o u t s i d e  
t h e  horn which expe r i ences  boom-like flN-wavesf'. S e v e r a l  small- 
s c a l e  s o n i c  boom s i m u l a t o r s  based on t h e  horn  concept have been 
b u i l t  (e .g . ,  Refs. 3-5) and used f o r  model response  o r  N-wave 
propagat ion  and r e f l e c t i o n  s t u d i e s .  However, i t  appears that  
l i t t l e  a t t e n t i o n  has been p a i d  t o  t h e  b a s i c  p r i n c i p l e s  which 
underlie N-wave g e n e r a t i o n  and propagat ion  i n  ho rns ,  o r  t o  t h e  
e f f i c i e n t  g e n e r a t i o n  of N-waves by means of' low-pressure p u l s e s  
which might make feas ib le  a similar f u l l - s c a l e  f a c i l i t y .  The 
s tudy  summarized i n  t h i s  r e p o r t  was undertaken t o  remedy these 
d e f i c i e n c i e s  . 
The f i r s t  of t h e  fo l lowing  s e c t i o n s  d i s c u s s e s  why one needs 
a horn ,  i n d i c a t e s  why c o n i c a l  horn shapes are t o  b e  p re fe r r ed  
over  a l l  o t h e r s ,  and d e s c r i b e s  t he  c h a r a c t e r i s t i c s  r e q u i r e d  of  
a source  p u l s e  which i s  t o  r e s u l t  i n  a radiated N-wave of f i n i t e  
d u r a t i o n .  The c o n t r i b u t i o n s  of l i n e a r  and f i n i t e - a m p l i t u d e  
( n o n l i n e a r )  e f f e c t s  on N-wave g e n e r a t i o n  and r a d i a t i o n  are de- 
s c r i b e d  i n  the next  s e c t i o n .  The f i n a l  major s e c t i o n  d i s c u s s e s  
the recommended horn c o n f i g u r a t i o n  and source  p u l s e  cha rac t e r -  
i s t i c s .  
The r e s u l t s  summarized i n  t h e  body of t h i s  r e p o r t  are based 
on a ser ies  of t h e o r e t i c a l  s t u d i e s ,  which were v e r i f i e d  and sup- 
plemented b y  expe r imen ta l  i n v e s t i g a t i o n s ,  These t h e o r e t i c a l  and 
exper imenta l  s t u d i e s  are p r e s e n t e d  i n  an e x t e n s i v e  s e r i e s  of 
appendices.  
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PULSE PROPAGATION 
Bas ic  Cons idera t ions  
U t i l i t y  of Horn. - I n  o r d e r  to o b t a i n  s o n i c  booms f rom a 
low-pressure sou rce ,  one r e q u i r e s  t h a t  p u l s e s  be t r a n s m i t t e d  
very e f f i c i e n t l y  from t h e  source  to t h e  t e s t  s i t e .  I n  an e f -  
f i c i e n t  system, a g iven  peak ve1oci ty"f  a t  t h e  source r e s u l t s  
i n  a high peak p r e s s u r e  a t  t h e  t e s t  s i t e .  The e f f i c i e n c y  o f  
a s imple  (monopole) sound source  i n c r e a s e s  w i t h  i n c r e a s i n g  r a t i o  
o f  the  source  dimension to t h e  wavelength of t h e  r a d i a t e d  sound. 
Time-var ia t ions  of a volume c r e a t e  a v e l o c i t y  f i e l d  w i t h  a 
"hydrodynamic" n e a r - f i e l d  te rm and a f a r - f i e l d  term. Only t h e  
far-f ie ld  t e r m  i s  related to sound p r e s s u r e .  For very sma l l  
source-dimension/wavelength r a t io s ,  t h e  f a r - f i e l d  term i s  much 
sma l l e r  than  t h e  n e a r - f i e l d ,  which i s  not conver ted  i n t o  sound 
p res su re .  High e f f i c i e n c y  i s  obta ined  only i f  t h e  source dimen- 
s i o n s  are l a r g e  compared to t h e  wavelength.  
By use  o f  a horn  one may make a p h y s i c a l l y  small source  
a c t  l i k e  an a c o u s t i c a l l y  l a r g e  one. The impedance a t  t h e  t h r o a t  
of t h e  horn  t h e n  can convert  t h e  volume f l o w  f r o m  t h e  source  
e f f i c i e n t l y  i n t o  sound p r e s s u r e ,  and t h e  horn  mouth d iameter  may 
be made l a r g e  enough to r a d i a t e  w e l l .  A horn  also has  an addi- 
t i o n a l  advantage i n  t h a t  i t  i s  d i r e c t i v e  and r e s t r i c t s  r a d i a t i o n  
of high-frequency components to a l i m i t e d  angle .  
Advantages o f  Conica l  Horn. - A horn  i s  an a c o u s t i c a l  
t r ansmiss ion  l i n e ,  which d i s t o r t s  t h e  shape of an i n p u t  p u l s e  
as i t  t r a v e l s  from t h e  t h r o a t  to t h e  mouth. T h i s  d i s t o r t i o n  
i s  caused p r i m a r i l y  by t h r e e  phenomena: the  hydrodynamic near-  
f i e l d  (a t  t h e  t h r o a t ) ,  d i s p e r s i o n ,  and f i n i t e  ampl i tude -e f f ec t s .  
The n e a r - f i e l d  reduces t h e  low-frequency r a d i a t i o n ,  and t h u s  
d i s t o r t s  t h e  radiated v e l o c i t y  s p e c t r a  (as may be r ep resen ted  
by a s p e c t r a l  weight ing  f u n c t i o n ) .  
"fA v e l o c i t y  sou rce  i s  assumed h e r e ,  and r e f e r e n c e  i s  made 
to t h e  v e l o c i t y ,  r a t h e r  than  to t h e  volume f l o w ,  because t h e  
p r i m a r y  source  c o n s i s t s  of t h e  lllowll p r e s s u r e  i n  a r e s e r v o i r ;  
t h i s  pressure,  which may a c t  on a membrane o r  th rough t h e  opening 
o f  a va lve ,  determines t h e  source  v e l o c i t y  ( i . e . ,  the  v e l o c i t y  
o f  t h e  membrane or o f  t h e  gas f low through a v a l v e ) .  
3 
Report No. 1940 Bolt Beranek and Newman Inc .  
D i spe r s ion  a l te rs  the  phase r e l a t i o n  between v a r i o u s  f r e -  
quency components and i s  of p a r t i c u l a r  importance f o r  s i n g l e  
p u l s e s  of f i n i t e  d u r a t i o n ,  such as an  N-shaped p r e s s u r e  p u l s e .  
A f i n i t e - d u r a t i o n  p u l s e  may b e  cons idered  as composed o f  f re-  
quency components of i n f i n i t e  t i m e  d u r a t i o n ;  t he  phase r e l a t i o n s  
among these  s p e c t r a l  components determine how these add to 
produce t h e  p u l s e .  If  d i s p e r s i o n  a l t e r s  t h e  phase r e l a t i o n s ,  
t h e n  t h e  frequency components no longe r  c a n c e l  each o t h e r  out-  
s ide  a c e r t a i n  t i m e  i n t e r v a l ,  and t h e  i n i t i a l  f i n i t e - d u r a t i o n  
p u l s e  becomes one of i n f i n i t e  d u r a t i o n .  (Although i n  p r i n c i p l e  
a s p e c t r a l  weight ing  f u n c t i o n  a l s o  a l ters  a p u l s e  o f  f i n i t e  
d u r a t i o n  i n t o  an  i n f i n i t e  one, one may avoid  t h i s  p r o b l e m  b y  
shaping  the  source  p u l s e  a p p r o p r i a t e l y .  S i m i l a r  compensation 
f o r  d i s p e r s i o n  cannot be accomplished-.) Consequently,  i f  one 
desires to o b t a i n  a s i n g l e  N-shaped p u l s e ,  one r e q u i r e s  a non- 
d i s p e r s i v e  horn.  Only c o n i c a l  horns meet t h i s  requirement .  
n o i d a l  and e x p o n e n t i a l )  horns and of non-d ispers ive  ( c o n i c a l )  
horns  are d e s c r i b e d  and i l l u s t r a t e d  i n  Appendix A.  
The (small ampl i tude)  performances of  d i s p e r s i v e  ( c a t e -  
F in i te -ampl i tude  e f f e c t s  may be  cons idered  as c o n t r i b u t i n g  
an a d d i t i o n a l  s p e c t r a l  weight ing  f u n c t i o n .  R e c t i f i c a t i o n  and 
n o n l i n e a r  d i s t o r t i o n  s e r v e  to enhance t h e  s p e c t r a l  d e n s i t y  a t  
low and a t  high f r e q u e n c i e s .  If d i s s i p a t i o n  i s  n e g l i g i b l e ,  
f i n i t e - a m p l i t u d e  e f f e c t s  are non-d ispers ive .+  Again, one may 
s e l e c t  the  frequency composition of t h e  source  p u l s e  s o  as to 
account f o r  t h e  a m p l i f i c a t i o n  of  t h e  low-frequency components. 
-. ~ ~ 
+ D i s s i p a t i o n  d u r i n g  sound p ropaga t ion  i n  a f r e e  f i e l d ,  e i t h e r  
due to t h e  c l a s s i c a l  e f f e c t s  of v i s c o s i t y  and heat conduct ion o r  
due to molecular  o s c i l l a t i o n s ,  can be d e s c r i b e d  by r e l a x a t i o n  
p rocesses  which t y p i c a l l y  are d i s p e r s i v e .  
s i v e  e f f e c t s  are impor tan t  only a t  very h igh  f r e q u e n c i e s ,  which 
are no t  conta ined  i n  t he  r e l a t i v e l y  smooth p u l s e s  expec ted  i n  
the  n e a r  f i e l d  of t h e  source  b e f o r e  shock format ion .  
However, t h e s e  d i spe r -  
Poss ib ly  s i g n i f i c a n t  d i s s i p a t i o n  e f f e c t s  can occur  only due 
to i n t e r a c t i o n  w i t h  t h e  w a l l  o f  a horn,  where s h e a r  s t r e s s e s  and 
thermal conduct ion a r e  much h i g h e r  t h a n  i n  t h e  f r e e  f i e l d .  I n  
a d d i t i o n ,  non-r ig id  walls may absorb some sound energy and a l t e r  
t h e  phase r e l a t i o n  between t h e  frequency components of  a p u l s e ,  
These e f f e c t s  are no t  l i k e l y  to be  of primary importance,  however, 
and have n o t  been examined i n  d e t a i l .  
4 
Report No, 1 9 4 0  B o l t  Beranek and Newman Inc.  
Genera t ion  of S p h e r i c a l  Waves of F i n i t e  Durat ion.-  The 
(small ampl i tude)  sound f i e l d  i n  a c o n c i a l  horn may be repre-  
s e n t e d  i n  terms of a s i n g l e  coord ina te ,  and may simply b e  con- 
s i d e r e d  t o  be a p a r t  of a uniform s p h e r i c a l  sound f i e l d .  A 
source  c o n s i s t i n g  of a membrane or p i s t o n  a t  t h e  d i s t a n c e  ro 
from the  apex of t h e  cone i s  e q u i v a l e n t  to a source  c o n s i s t i n g  
of an o s c i l l a t i n g  ( b r e a t h i n g )  sphe re  w i t h  a r a d i u s  r 
0 .  
A s  mentioned p r e v i o u s l y ,  low-frequency components of t h e  
sphere  v i b r a t i o n  s e r v e  p r i m a r i l y  t o  produce a n e a r - f i e l d ,  whereas 
frequency components f o r  which t h e  a c o u s t i c  wavelength i s  s m a l l e r  
t han  r a d i u s  r are r a d i a t e d  e f f i c i e n t l y  to t h e  f a r  f i e l d .  The 
d i s t r i b u t i o n  of f requency components i n  t h e  source  p u l s e  which 
i s  r e q u i r e d  f o r  t h e  r a d i a t i o n  of a d e s i r e d  wave o f  f i n i t e  dura- 
t i o n  t h e r e f o r e  depends on rO. 
t h e  frequency spectrum r e q u i r e d  f o r  g e n e r a t i o n  o f  a t ime- l imi ted  
p u l s e  dec reases  monotonical ly  (va ry ing  i n v e r s e l y  w i t h  f r equency) .  
I f  t he  same source  p u l s e  emanates f r o m  a sphe re  o f  f i n i t e  r a d i u s ,  
t h e  cor responding  n e a r - f i e l d  i s  weaker and t h e  low-frequency 
components are rad ia ted  more s t r o n g l y ,  r e s u l t i n g  i n  a f a r - f i e l d  
p u l s e  w i t h  an e x p o n e n t i a l l y  decaying t a i l .  The amplitude of t h e  
e x p o n e n t i a l  f u n c t i o n  i s  h i g h e r  f o r  l a r g e r  sphere  r a d i i .  
0’ 
I n  t h e  l i m i t i n g  case  of an i n f i n i t e s s i m a l l y  small sphe re ,  
I n  t h e  l i m i t i n g  case  of an i n f i n i t e l y  l a r g e  sphe re ,  t h e r e  
i s  no, n e a r - f i e l d ,  and t h e  sou rce  p u l s e  r e q u i r e d  to gene ra t e  a 
f i n i t e - d u r a t i o n  p u l s e  i n  t h e  f a r - f i e l d  has t h e  same s p e c t r a l  
composition as t h e  f a r - f i e l d  p u l s e .  The spectrum o f  t h e  p u l s e  
i s  c e n t e r e d  at  t h e  frequency which i s  e q u a l  to t h e  r e c i p r o c a l  
of the p u l s e  d u r a t i o n .  I f  t h e  same source  p u l s e  emanates from 
a smaller sphe re ,  i t  s u f f e r s  some low frequency a t t e n u a t i o n ,  
and t h e  far-f ie ld  p u l s e  c o n t a i n s  h igh  frequency components which 
a r e  too i n t e n s e ,  g i v i n g  r i s e  to an a d d i t i o n a l  ( u n d e s i r e d )  peak. 
I n  o r d e r  to produce a fai-field p u l s e  of f i n i t e  d u r a t i o n ,  
t h e  spectrum of t h e  source  p u l s e  mus t  have a maximum a t  a f r e -  
quency which i n c r e a s e s  w i t h  t h e  r a t i o  of t h e  r a d i u s  ro of  t h e  
sphere  to t h e  wavelength of t h e  p u l s e .  Q u a n t i t a t i v e  r e s u l t s  
f o r  a s i n g l e  s i n e  wave p u l s e  are de r ived  i n  Appendix B and 
i l l u s t r a t e d  i n  F i g .  B-1. These r e s u l t s  a l s o  show t h a t  f o r  t he  
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same p r e s s u r e  ampli tude much h i g h e r  peak v e l o c i t i e s  a r e  r e q u i r e d  
from smaller sou rces .  F o r  very small sou rces ,  t h i s  peak v e l o c i t y  
v a r i e s  i n v e r s e l y  as t h e  square  of the  r a d i u s  ro, i n  agreement 
w i t h  Rayle igh ' s  l a w  f o r  t h e  sound p r e s s u r e  i n  t h e  f a r - f i e ld  of a 
small source  (which sound p r e s s u r e  i s  p r o p o r t i o n a l  to t h e  volume 
v e l o c i t y ) .  
A t  h igh  ampl i tudes ,  where n o n l i n e a r i t i e s  become s i g n i f i c a n t ,  
the  peak ( l i n e a r ,  no t  volume) v e l o c i t y  i s  l i m i t e d .  The sound 
p r e s s u r e  tha t  can be achieved  t h e r e f o r e  depends on t h e  source  
r a d i u s .  For  very small s o u r c e s ,  t h e  peak sound p r e s s u r e  v a r i e s  
as t h e  squa re  of t he  r a d i u s ;  f o r  larger  sources  (where t h e  ob- 
s e r v a t i o n  p o i n t  r may no longe r  be  f a r  from t h e  source  ro) t h e  
p r e s s u r e  w i l l  approach a c o n s t a n t .  (See F ig .  13-1 ) .  
If one desires  a source  f o r  which t h e  n e a r - f i e l d  reduces 
the  p r e s s u r e  ampli tude b y  no more t h a n  6 d B ,  one must use a 
source  r a d i u s  ro which i s  greater  than  h / 4 ,  where 1 denotes  
t he  wavelength of a s i n g l e  s i n e  p u l s e .  The r e q u i r e d  source  ve loc i ty -  
p u l s e  shape has a predominant p o s i t i v e  p a r t ,  bu t  a l s o  a n e g a t i v e  
" t a i l " .  Devia t ions  f r o m  t h e  i d e a l  shape of the  source  p u l s e  
g e n e r a l l y  r e s u l t  i n  f a r - f i e l d  p u l s e s  w i t h  e x p o n e n t i a l l y  decaying 
t a i l s ;  t h e s e  t a i l s  may be  n e g a t i v e  ( i f  t h e  high-frequency com- 
ponents  of t he  source  p u l s e  a r e  too low) or p o s i t i v e  ( i f  t h e  
low-frequency components are too low) .  
Generat ion o f  N-Waves 
Smal l  Amplitude ( L i n e a r )  E f f e c t s .  - What v e l o c i t y  p u l s e  
shape a source  w i t h  r a d i u s  ro must produce s o  t h a t  one may ob- 
t a i n  a p r e s c r i b e d  p res su re -pu l se  i n  t h e  fa r - f ie ld  may be d e t e r -  
mined on t h e  basis  of l i n e a r  t heo ry  f o r  s p h e r i c a l  waves, as 
o u t l i n e d  i n  Appendix B ,  provided t h a t  a l l  ampli tudes are small  
enough s o  t h a t  n o n l i n e a r  e f f e c t s  are unimportant .  The source- 
p u l s e  r e q u i r e d  f o r  t h e  p roduc t ion  o f  a s i n g l e  N-wave of wave- 
l e n g t h  h i n  t h e  fa r  f i e l d  i s  p l o t t e d  i n  F i g .  B-2. T h i s  source  
p u l s e  i s  an N-wave, whose ampli tude i s  i n c r e a s e d  i n  o r d e r  to 
make up f o r  t h e  v e l o c i t y  which i s  
r a d i a t i n g  n e a r - f i e l d ,  Because t h e  n e a r - f i e l d  becomes l a r g e r  as 
t h e  r a t i o  r o / A  dec reases ,  t h e  p a r a b o l i c  p u l s e  r e q u i r e d  to supply 
t h i s  n e a r - f i e l d  a l s o  i n c r e a s e s  i n  magnitude. 
i n  producing the non- 
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The i d e a l  v e l o c i t y  p u l s e  has t h e  same g r a d i e n t  a t  t h e  lead-  
i n g  and t h e  t r a i l i n g  edge, which remains unchanged by n e a r - f i e l d  
c o n d i t i o n s  (as i l l u s t r a t e d  a l s o  f o r  a s i n g l e  s ine-pulse  i n  F ig .  
B - 1 ) .  The v e l o c i t y  g r a d i e n t  i s  p r o p o r t i o n a l  to the  p r e s s u r e  
g r a d i e n t .  Since t h e  p r e s s u r e  g r a d i e n t  a t  t he  l e a d i n g  and t r a i l i n g  
edges of a t r u e  N-wave i s  i n f i n i t e ,  a s t e p  f u n c t i o n  i s  r e q u i r e d  i n  
t he  v e l o c i t y  of  t he  source ,  Exact r e a l i z a t i o n  of such a s t e p  i s  
p h y s i c a l l y  imposs ib le ,  of course , but  u s e f u l  approximations are 
feas ib le  e 
I n  g e n e r a t i n g  an  approximate N-wave, one should n o t  e l imi -  
n a t e  i t s  high-frequency components (which are r e s p o n s i b l e  f o r  
t h e  s t e e p  s l o p e s )  because t h i s  e l i m i n a t i o n  d i s t u r b s  t h e  s p e c t r a l  
balance and ex tends  t h e  f a r - f i e ld  p u l s e  beyond t h e  d e s i r e d  shape 
and d u r a t i o n .  L i n e a r  s y n t h e s i s  of t h e  source-pulse  from harmon- 
i c s  of t he  a p p r o p r i a t e  f u n c t i o n  of  F ig .  B-1  avoids  t h i s  d i f f i -  
c u l t y ;  t h i s  procedure i s  e q u i v a l e n t  tc ,  s y n t h e s i s  of an N-wave i n  
t h e  f a r - f i e l d  from a s i n e  wave and i t s  harmonics,  and i s  desc r ibed  
i n  Appendix C .  The l e a d i n g  and t r a i l i n g  edge g r a d i e n t s  ob ta ined  
w i t h  v a r i o u s  numbers of harmonics used i n  t h e  s y n t h e s i s  a r e  shown 
i n  F ig .  C - 1 .  Corresponding p u l s e  shapes a r e  shown i n  F ig .  C - 2 .  
F i n i t e  Amplitude (Nonl inear )  E f f e c t s .  - I n  a sound f i e l d  
corresponding to t h a t  ob ta ined  from a uniformly p u l s a t i n g  sphere  
( i . e e ,  i f  e f f e c t s  of t h e  wal l  of  a horn a r e  n e g l i g i b l e ) ,  non- 
l i n e a r i t y  r e s u l t s  i n  r e c t i f i c a t i o n  and i n  gene ra t ion  o f  h i g h e r  
harmonics. R e c t i f i c a t i o n  i n c r e a s e s  t h e  p o s i t i v e  p a r t  of t h e  
v e l o c i t y  p u l s e  du r ing  its propaga t ion ,  However, because t h e  
time-average p r e s s u r e  i n  t h e  f a r  f i e l d  i s  t h e  atmospheric  pres -  
s u r e ,  t h e  i n c r e a s e d  p o s i t i v e  v e l o c i t y  cannot be conver ted  i n t o  
sound p r e s s u r e ;  t h u s  r e c t i f i c a t i o n  only extends t h e  n e a r  f i e l d  
o f  t he  source .  
R e c t i f i c a t i o n  does not  a l t e r  t h e  v e l o c i t y  g r a d i e n t s  a t  t h e  
l e a d i n g  and t h e  t r a i l i n g  edges of t h e  p u l s e .  These g r a d i e n t s  a r e  
a f f e c t e d  by  t he  g e n e r a t i o n  of h i g h e r  harmonics,  and t h i s  genera- 
t i o n  depends on the  i n i t i a l  g r a d i e n t .  I f  t he  i n i t i a l  g r a d i e n t  
i s  ze ro ,  no harmonics a r e  gene ra t ed  which c o n t r i b u t e  to t h e  i n i -  
t i a l  g r a d i e n t .  But i f  there  i s  a f i n i t e  i n i t i a l  g r a d i e n t ,  i t  i s  
enhanced by  t he  g e n e r a t i o n  of harmonics and w i l l  r e s u l t  i n  shock 
format ion  ( u n l e s s  t he  growth of  harmonics i s  i n h i b i t e d  b y  atmos- 
p h e r i c  a b s o r p t i o n )  e 
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Methods for t h e  t h e o r e t i c a l  de t e rmina t ion  of n o n l i n e a r  
p u l s e  d i s t o r t i o n  a r e  g iven  i n  Appendices D and F. R e s u l t s  f o r  
t h e  d i s t a n c e  at  which shock format ion  occur s  a r e  de r ived  as a 
f u n c t i o n  of t h e  leading-edge g r a d i e n t  of t h e  source  p u l s e  ( F i g .  
D - l a ) .  These r e s u l t s  may be used to determine  t h e  shape and 
t h e  ampl i tude  of t h e  r e q u i r e d  source  p u l s e ,  as fo l lows .  
(1) I n  o r d e r  to avoid  energy l o s s e s  a s s o c i a t e d  w i t h  shock wave 
propagat ion ,  i t  i s  d e s i r a b l e  t h a t  t h e  leading-edge shock of t he  
N-wave be formed at  ( o r  just b e f o r e )  t h e  t e s t  p o s i t i o n .  The 
d i s t a n c e  to the  t e s t  p o s i t i o n  from t h e  apex of t h e  horn  should  
t h e r e f o r e  be  made to be  t h e  d i s t a n c e  a t  which shock format ion  
occur s ,  
( 2 )  The shock-formation d i s t a n c e  ( i n  m u l t i p l e s  of t h e  source  
r a d i u s )  and t h e  N-wave p r e s s u r e  ampl i tude  r e q u i r e d  a t  t h a t  d i s -  
t a n c e  de te rmine  a reduced i n i t i a l  v e l o c i t y  g r a d i e n t  (see o rd i -  
n a t e  of Fig .  D - l b ) ,  Th i s  reduced i n i t ; i a l  v e l o c i t y  g r a d i e n t  and 
t h e  r e q u i r e d  p u l s e  wavelength ( i n  mul . t ip les  of the  source  r a d i u s )  
de te rmine  t h e  necessary  degree  m of &wave approximation (see 
F i g ,  C-1, which has t h e  same o r d i n a t e  as F i g .  D - l b ) ,  which de- 
f i n e s  t he  shape  of the  r e q u i r e d  source  pu l se . "  
"If one fo l lows  t h e  procedure  sugges ted  here ,  one may f i n d  
t ha t  t h e  r e q u i r e d  degree  m of N-wave approximation i s  l e s s  t han  
u n i t y .  T h i s  means t h a t  a source-pulse  w i t h  m = 1 w i l l  develop 
i n t o  a shock wave w i t h i n  a s h o r t e r  d i s t a n c e  t h a n  a n t i c i p a t e d .  
Th i s  d i s t a n c e  can be de te rmined  f o r  t h e  h i g h e r  normalized veloc-  
i t y  g r a d i e n t  from F i g .  C-1 and t h e  cor responding  r e q u i r e d  peak 
p r e s s u r e  l e v e l  from F i g .  D-lb. The peak p r e s s u r e  l e v e l  a t  t h e  
des ign  d i s t a n c e  w i l l  b e  lower t h a n  t h i s  v a l u e ,  due to energy 
d i s s i p a t e d  by t h e  p ropaga t ing  shock wave. The va lue  may be 
determined from F i g .  D-lb; t h e  cu rves  o f  cons t an t  peak p r e s s u r e  
l e v e l  a l s o  may be cons idered  as a t t e n u a t i o n  cu rves  for s p h e r i c a l  
shock waves. Before shock format ion ,  t h e  peak p r e s s u r e  l e v e l  
(from l a r g e  s p h e r i c a l  s o u r c e s )  decays by 6 d B  p e r  doubl ing  of 
d i s t a n c e  from t h e  source ,  as i l l u s t r a t e d  by t h e  d o t t e d  l i n e  of 
F i g .  D - l b .  A f t e r  shock format ion ,  t h e  peak p r e s s u r e  l e v e l  decays 
more r a p i d l y ,  as shown by t h e  s o l i d  l i n e s  i n  t h i s  f i g u r e .  Thus , i f  
t h e  i n t e r s e c t i o n  of t h e  two l i n e s  cor responds  t o  t h e  d i s t a n c e  of 
shock format ion ,  t h e n  t h e  d i f f e r e n c e  between t h e  two l i n e s  cor-  
responding  to greater  d i s t a n c e s  i s  a measure of t h e  n o n l i n e a r  
a t t e n u a t i o n ,  and the  i n t e r s e c t i o n s  of t h e  d o t t e d  l i n e  w i t h  curves  
o f  lower peak p r e s s u r e  l e v e l s  g i v e  t h e  dependence of t h e  a c t u a l  
peak p r e s s u r e  l e v e l  on d i s t a n c e .  
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( 3 )  The r e q u i r e d  source  v e l o c i t y  ampl i tude  i s  made up of a far- 
f i e l d  and a n e a r - f i e l d  c o n t r i b u t i o n .  The f a r - f i e ld  p a r t  i s  
g iven  i n  F ig .  D-lb, as a f u n c t i o n  of  t h e  r e q u i r e d  p r e s s u r e  and 
of t h e  d i s t a n c e  a t  which t h i s  p r e s s u r e  i s  r e q u i r e d .  The near -  
f i e l d  p a r t  i s  a f u n c t i o n  of t h e  pulse-wavelength/source-radius 
r a t i o ,  F igu re  C - 1  i n d i c a t e s  t h e  c o r r e c t i o n  one must apply to 
t h e  far-field c o n t r i b u t i o n  i n  o r d e r  to o b t a i n  t h e  t o t a l  (nea r -  
f i e l d  p l u s  f a r - f i e l d )  sou rce  v e l o c i t y  ampl i tude  s 
The source  v e l o c i t y  should  n o t  exceed one-half  o f  t h e  speed 
of sound; o the rwise ,  one o b t a i n s  i n e f f i c i e n t  convers ion  of pres -  
s u r e  t o  v e l o c i t y .  T h e  r a t i o  of t h e  f a r - f i e ld  p a r t  of t h e  sou rce  
v e l o c i t y  t o  t h e  sound speed t h e r e f o r e  must always be  less than  
1 / 2 ;  i . e ,  t h e  des ign  p o i n t  must always l i e  above t h e  -6 dB 
curve of F i g .  D-lb, because t h e  t o t a l  sou rce  v e l o c i t y  ampli tude 
i s  made up of  the far-f ie ld  p l u s  t he  n e a r - f i e l d  c o n t r i b u t i o n .  
The p rev ious ly  d i scussed  methods f o r  t h e  des ign  of N-waves 
from a s p h e r i c a l  sou rce  do no t  account  f o r  n o n l i n e a r  n e a r - f i e l d  
e f f e c t s  o r  a tmospher ic  abso rp t ion .  Because n e a r - f i e l d  nonl in-  
e a r i t y  t e n d s  to d i s t u r b  t h e  ba lance  of t h e  frequency components 
of  the  p u l s e ,  t hey  cause  t h e  p r e s s u r e  p u l s e  i n  t h e  f a r - f i e ld  to 
d e v i a t e  from t h e  e x a c t  s i n g l e  N-wave shape.  However, t h e  ap- 
proximation can be  expec ted  to be  reasonably  good, as ev iden t  
from some computed examples ( F i g s ,  D-2 to D - 6 ) ,  
E f f e c t s  of Horn D i r e c t i v i t y .  - The p u l s e  one o b t a i n s  a t  a 
g iven  p o s i t i o n  o u t s i d e  t h e  horn  depends no t  only on t h e  source-  
p u l s e ,  b u t  a l s o  on t h e  r a d i a t i o n  c h a r a c t e r i s t i c s  of t h e  horn .  
D i r e c t i v i t y ,  which g e n e r a l l y  i s  desc r ibed  i n  t h e  frequency 
domain, depends on the  cone ang le  and the  mouth diameter, Low 
f r e q u e n c i e s ,  t o  which correspond a c o u s t i c  wavelengths  which are 
l a r g e r  t h a n  t h e  mouth d iameter ,  are r a d i a t e d  uniformly i n  a l l  
d i r e c t i o n s ;  h igh  f r equenc ie s  , f o r  which t h e  wavelengths are 
much s m a l l e r  t h a n  t h e  mouth d iameter ,  a r e  r a d i a t e d  much l i k e  
r a y s  w i t h i n  the  cone ang le  of t h e  horn  ( s e e  F ig .  E-1 ) .  
Analys is  of p u l s e s  i n  t h e  t ime domain (Appendix E )  i n d i -  
c a t e s  t h a t  t h e  horn  d i r e c t i v i t y  has  a marked e f f e c t  on t h e  
p u l s e  shape ob ta ined  o u t s i d e  of  t h e  horn .  Outs ide  of  t h e  cone 
ang le  of t h e  horn ,  reduced high-frequency r a d i a t i o n  causes  t h e  
v e l o c i t y  g r a d i e n t  a t  t h e  l e a d i n g  edge of t h e  p u l s e  t o  van i sh ;  
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t h e r e f o r e ,  shock format ion  i s  i n h i b i t e d ,  Within t h e  cone 
ang le ,  however, t h e  high-frequency components a r e  una t t enua ted  
and t h e  v e l o c i t y  g r a d i e n t  a t  t h e  l e a d i n g  edge of t h e  p u l s e  has  
t h e  same dependence on r a d i u s  as i n s i d e  t he  horn.  The d is -  
t a n c e  f o r  shock format ion  w i t h i n  t he  cone ang le  may t h u s  be 
determined wi thout  cons ide r ing  d i r e c t i v i t y ,  and t h e  r e s u l t s  re- 
l a t i n g  t h e  i n i t i a l  g r a d i e n t  of  t h e  source  p u l s e  to t h e  shock 
format ion  d i s t a n c e  remain v a l i d  w i t h i n  t h e  cone angle  o u t s i d e  
t he  horn ,  
However, n e a r  t h e  mouth of t he  horn (and w i t h i n  t h e  cone 
a n g l e )  t he re  occur n e a r - f i e l d  e f f e c t s  which are s imi la r  to t h o s e  
a t  t h e  t h r o a t .  These e f f e c t s  i n  essence  reduce t h e  p o s i t i v e  
ampli tude of the  p u l s e ,  due to t h e  weaker r a d i a t i o n  of low f r e -  
quencies .  According to t he  l i n e a r  t heo ry  o f  s p h e r i c a l  sound 
propagat ion ,  a l l  f requency components vary i n v e r s e l y  w i t h  t he  
d i s t a n c e  from t h e  source .  For a horn ,  t he  v i r t u a l  source8 of 
low f r e q u e n c i e s  i s  l o c a t e d  a t  t he  mouth, and t h e  sources  of 
h i g h e r  f r e q u e n c i e s  i s  l o c a t e d  n e a r e r  t h e  apex of t h e  cone. 
Thus, f o r  a g iven  low-frequency component of a v e l o c i t y  p u l s e ,  
more of  t he  v e l o c i t y  i s  d i v e r t e d  i n t o  t he  n e a r - f i e l d ,  and l e s s  
i n t o  fa r - f ie ld  p r e s s u r e  than  f o r  a higher  frequency component. 
I n  comparing t h e  shapes of a p u l s e  a t  v a r i o u s  d i s t a n c e s  
from the horn  mouth by a d j u s t i n g  the  pressure- t ime diagrams 
s o  t h a t  a l l  p u l s e  maxima have t h e  same h e i g h t ,  one f i n d s  t h e  
s t eepness  of t h e  l e a d i n g  edge i n c r e a s e s  w i t h  i n c r e a s i n g  d i s -  
t a n c e ,  even wi thout  f i n i t e  ampli tude e f f e c t s .  T h i s  s t e e p n e s s  
i n c r e a s e  occurs  because t h e  pressure-ampl i tude  magn i f i ca t ion  
i n c r e a s e s  r a p i d l y  enough to overcome t h e  r e d u c t i o n  i n  t h e  a c t u a l  
v e l o c i t y  g r a d i e n t  i n  a s p h e r i c a l l y  d i v e r g i n g  wave. For small 
cone a n g l e s ,  t h e  f i rs t  p a r t  of an a m p l i f i e d  pressure- t ime dia- 
gram becomes more similar i n  appearance to an  N-wave, bu t  t h e  
shock format ion  i s  no s t r o n g e r  t h a n  determined b y  t h e  v e l o c i t y  
g r a d i e n t  a t  t h e  t h r o a t  of t h e  horn.  
"I .e. ,  t he  source  l o c a t i o n  as deduced from fa r - f i e ld  
measurements e 
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The r e l a t i v e  i n c r e a s e  of  t h e  s t e e p n e s s  of t h e  l e a d i n g  
edge of a p u l s e  comes about because t h e  low-frequency compo- 
n e n t s  on and n e a r  t h e  a x i s  of t h e  horn are a t t e n u a t e d .  The 
e n t i r e  p u l s e  shape,  p a r t i c u l a r l y  i t s  t r a i l i n g  edge, i s  a l s o  
a f f e c t e d  by  t h i s  low-frequency a t t e n u a t i o n ,  i n  a manner s imilar  
to t h a t  d i s c u s s e d  f o r  t h e  n e a r  f i e l d  e f f e c t s  a t  t h e  t h r o a t .  
An i n c r e a s e  i n  t h e  low-frequency components i s  r e q u i r e d  t o  make 
up f o r  t h i s  a t t e n u a t i o n ,  i f  one d e s i r e s  to o b t a i n  a f i n i t e  
p u l s e  d u r a t i o n .  (Otherwise, t h e  p u l s e  i n  t h e  f a r - f i e l d  w i l l  
c o n t a i n  high-frequency components which a r e  too s t r o n g ,  and 
which cause a secondary maximum,) 
SYSTEM DESIGN 
Horn Conf igu ra t ion  
Mouth Diameter,  - The non-d i r ec t ive  r a d i a t i o n  o f  low- 
frequency components from t h e  horn  mouth i s  a s s o c i a t e d  w i t h  
r e f l e c t i o n  a t  t he  mouth (back towards t h e  t h r o a t )  o f  waves 
p ropaga t ing  from t h e  t h r o a t  toward t h e  mouth o f  t h e  ho rn ,  
T h i s  r e f l e c t i o n  has two u n d e s i r a b l e  e f f e c t s ,  F i r s t l y ,  i t  
reduces t h e  r a d i a t i o n  e f f i c i e n c y ;  n e a r - f i e l d  e f f e c t s  a t  t h e  
mouth reduce t h e  e m i t t e d  p r e s s u r e  p u l s e  and thus  cause shock 
format ion  to b e  de layed .  Secondly,  t h e  p u l s e  which i s  r e f l e c -  
t e d  at  t h e  mouth i s  r e - r e f l e c t e d  a t  t h e  t h r o a t ,  g i v i n g  r i s e  t o  
secondary p u l s e s ,  t h u s  d i s t o r t i n g  t h e  d e s i r e d  s i n g l e  ??-wave. 
(Any p a s s i v e  means f o r  a b s o r p t i o n  of  t h e  r e f l e c t e d  low-frequen- 
cy components, such as slots o r  a b s o r p t i v e  materials a t  t h e  
wal l s ,  would absorb t h e  high-frequency components more s t r o n g l y  - p a r t i c u l a r l y  n e a r  t h e  t h r o a t  - and would b l u n t  t h e  p u l s e  lead- 
i n g  and t r a i l i n g  edges e x c e s s i v e l y .  ) 
The r e f l e c t i o n  c o e f f i c i e n t  ob ta ined  a t  t h e  horn mouth 
depends on t h e  r a t i o  of t h e  mouth d iameter  t o  t h e  a c o u s t i c  
wavelength. Because t h e  impor tan t  low-frequency components 
of a p u l s e  a r e  c e n t e r e d  a t  t h e  r e c i p r o c a l  of  t h e  p u l s e  d u r a t i o n ,  
t he  mouth diameter must be s e l e c t e d  s o  t ha t  a small  r e f l e c t i o n  
c o e f f i c i e n t  i s  ob ta ined  at t h i s  c e n t e r  f requency.  
+ T h i s  s e l e c t i o n  i m p l i e s  a l i m i t a t i o n  on t h e  d i r e c t i v i t y  and 
a l s o  on t h e  r e q u i r e d  i n c r e a s e  of t h e  low frequency components of 
t h e  sou rce  p u l s e  (ove r  t h o s e  d e s i r e d  i n  t h e  radiated p u l s e ) .  
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Values of t h e  aforementioned r e f l e c t i o n  c o e f f i c i e n t ,  e s t i -  
mated on t h e  basis  of  t h e  impedance mismatch between t h e  sound 
f i e l d  i n s i d e  t h e  horn and t h e  average r a d i a t i o n  impedance a t  
t h e  mouth,*are shown i n  F i g .  E-2. The r e f l e c t i o n  c o e f f i c i e n t  
i s  seen  to be less  t h a n  0 .10  f o r  mouth diameters l a r g e r  t h a n  
one wavelength e 
One would expect  t h i s  r e f l e c t i o n  c o e f f i c i e n t  to dec rease  
as t h e  horn ang le  i n c r e a s e s ,  because l a r g e r  horn ang le s  imply 
greater  c u r v a t u r e  of t h e  wavefront  i n s i d e  t h e  horn,  and t h u s  
b e t t e r  matching w i t h  the  s p h e r i c a l  waves i n  t h e  f a r  f i e l d  o f  
the  horn ,  Q u a n t i t a t i v e  estimates, ob ta ined  by cons ide r ing  the  
impedance of a s p h e r i c a l  p i s t o n  s e t  w i t h i n  t h e  s u r f a c e  of an 
o the rwise  r i g i d  sphe re  (F ig .  E-G) , ind ica te ,  however, t h a t  t h e  
corresponding r e d u c t i o n  i n  t h e  r e f l e c t i o n  c o e f f i c i e n t  i s  i n s i g -  
n i f i c a n t  as long  as t h e  cone ang le  of t h e  horn i s  less  t h a n  2 0 ° .  
Cone Angle, Horn Length, and Di s t ance  to T e s t  S i t e .  - 
Aerodynamic s e p a r a t i o n  of flow from t h e  walls of a cone may 
occur ,  p a r t i c u l a r l y  a t  t h e  t h r o a t ,  i f  t h e  cone angle  i s  too 
l a r g e .  Flow s e p a r a t i o n  depends on t h e  shape of t h e  t h r o a t  and 
on t h e  Reynolds numbers of t h e  flow. Experimental  obse rva t ions  
i n d i c a t e  tha t  t he  a c t i v e  r e g i o n  o f  a horn i s  conf ined  to an 
ang le  of about  8 O ;  t h e  cone angle  t h e r e f o r e  should  n o t  exceed 
t h i s  va lue .  
Because smaller cone angles  i m p l y  l a r g e r  horns ( f o r  a given 
mouth d i ame te r , equa l  to one wavelength) ,  use of cone angles  
s m a l l e r  t h a n  8 O  i s  i m p r a c t i c a l .  
" T h i s  estimate i s  based on t h e  assumption t h a t  t h e  wave 
impedance i n s i d e  t h e  horn  i s  t h a t  of a p l ane  wave and t h a t  the  
r a d i a t i o n  impedance i s  t ha t  of an unflanged p i p e .  T h i s  assump- 
t i o n  may b e  expec ted  to b e  q u i t e  good for horns  w i t h  cone 
ang le s .  
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For a cone angle  o f  8", the  horn l e n g t h  (measured from t h e  
apex of t h e  cone to t h e  mouth) i s  about 7/2 mouth diameters, 
t h e  minimum d i s t a n c e  f r o m  t h e  apex of t h e  horn to t h e  t e s t  s i t e  
(as e s t a b l i s h e d  from simple geometr ic  r equ i r emen t s )  must be ap- 
proximately 7/2 t imes  t h e  t e s t  s i t e  d i ame te r ,  For a p u l s e  dura- 
t i o n  of 1/3 s e e ,  corresponding to a wavelength of about 300 f t ,  
one r e q u i r e s  a mouth d iameter  of 300 f t .  For  a cone angle  of  
8 O ,  t h e  l e n g t h  of t h e  horn then  i s  1050 f t ,  and t h e  d i s t a n c e  
from t h e  mouth to a t e s t  s i t e  of 1 0 0 0  f t  d iameter  must be a t  
l eas t  2450 f t  ( s e e  F i g ,  E - 7 ) ,  
Throat  Diameter. - From p r a c t i c a l  c o n s i d e r a t i o n s  of con- 
s t r u c t i o n  and o p e r a t i o n ,  t h e  t h r o a t  diameter should be kept  as 
small as p o s s i b l e .  However, i n  o r d e r  t o  avoid a r e d u c t i o n  o f  
source  e f f i c i e n c y ,  t h e  t h r o a t  must be l a r g e  enough s o  t h a t  t h e  peak 
flow v e l o c i t y  a s s o c i a t e d  w i t h  t h e  p u l s e  g e n e r a t i o n  remains sub-  
s t a n t i a l l y  below t h e  speed of sound. Peak v e l o c i t i e s  cor re-  
sponding to Mach numbers up to 0.5 appear  to be accep tab le  from 
the  va lve  des ign  viewpoint (and a r e  compatible w i t h  t h e  r e q u i r e -  
ment f o r  g e n e r a t i o n  o f  N-waves a t  t h e  t e s t  s i t e  o f  up to 1 4 0 - 1 4 8  d B ,  
i f  one accounts  f o r  ampli tude r e d u c t i o n  b y  a f a c t o r  of 1 0 0  from 
t h e  t h r o a t  to t h e  test s i t e ) .  I n  a d d i t i o n ,  t h e  t h r o a t  d iameter  
must be l a r g e  enough s o  t h a t  ( f o r  a given cone a n g l e )  t h e  d i s -  
t a n c e  from t h e  apex to t h e  t h r o a t  does no t  become small  compared 
to t h e  wavelength,  i n  o rde r  to avoid t h e  product ion  of l a r g e  non- 
r a d i a t i n g  n e a r - f i e l d  components e 
The aforementioned ampli tude r e d u c t i o n  f a c t o r  o f  1 0 0  ac- 
counts f o r  t h e  n e a r - f i e l d  e f f e c t s  a t  t h e  t h r o a t ,  t h e  sp read ing  
l t loss ' l  due t o  s p h e r i c a l  d ivergence ,  and n o n l i n e a r  a t t e n t u a t i o n ,  
On t h e  basis of sp read ing  loss a lone ,  one f i n d s  t h e  r e q u i r e d  
minimum t h r o a t  diameter to b e  1/100 o f  t h e  t e s t  s i t e  d iameter .  
The i n f l u e n c e  of n e a r - f i e l d  e f f e c t s  may be e s t i m a t e d  f r o m  
Fig .  C-1. 
For an 8O cone and 1000 f t  t e s t  s i t e  d iameter ,  and f o r  a 
p u l s e  l e n g t h  o f  0 . 3  s e e ,  one o b t a i n s  a f a c t o r  o f  1 0 0  between 
t h e  peak va lues  o f  t h r o a t  v e l o c i t y  and t e s t  s i t e  v e l o c i t y  i f  
one uses  a t h r o a t  d iameter  of 20 f t ,  and i f  one n e g l e c t s  non- 
l i n e a r  e f f e c t s .  
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Source Pu l se  
The p r e v i o u s l y  d e s c r i b e d  s e l e c t e d  geometry of t h e  horn and 
i t s  l o c a t i o n  w i t h  r e s p e c t  to a t e s t  s i t e  of 1000  f t  width (see 
F ig .  E-7) was determined on t h e  basis of  t h e  requirement  f o r  
r a d i a t i n g  p u l s e s  of  d u r a t i o n s  up to 0.3  s e c ,  Experimental  re -  
s u l t s  i n d i c a t e  t ha t  f o r  a mouth diameter e q u a l  to approximately 
one wavelength and f o r  a cone angle  of  about  8 O ,  t h e r e  occurs  a 
r e d u c t i o n  i n  p r e s s u r e  ampl i tudes  by 6 to 1 0  dB, i n  a d d i t i o n  to 
tha t  due to s p h e r i c a l  d ivergence .  
The r e q u i r e d  shape of t h e  v e l o c i t y  p u l s e  a t  t h e  t h r o a t  o f  
the  horn i s  determined by the  requirement  f o r  deve loping  a shock 
w i t h  a g iven  p r e s s u r e  ampli tude a t  t h e  t e s t  s i t e .  For  a source  
p u l s e ,  o f  which the  leading-edge g r a d i e n t  i s  a l s o  t h e  maximum 
g r a d i e n t ,  the leading-edge g r a d i e n t  decermines t h e  d i s t a n c e  a t  
which shock format ion  occurs .  For t h e  des i r ed  shock format ion  
a t  a d i s t a n c e  of rs = 3500 f t  from t h 2  apex of t h e  horn,  u s i n g  
a source  of  r a d i u s  ro = 7 0  f t ,  one needs a source  p u l s e  w i t h  a 
leading-edge g r a d i e n t  of ( s e e  F ig .  D - l a )  av /a t  z 4000 f t / s e c 2  ~ 1 1  
125 g. T h i s  r e p r e s e n t s  a moderate a c c e l e r a t i o n ,  which i s  achiev- 
a b l e  w i t h  a low-pressure. sou rce ,  as d e s i r e d .  
Und i s to r t ed  s i n e  p u l s e s  have leading-edge g r a d i e n t s  which 
are a l s o  t h e i r  maximum g r a d i e n t s .  The  maximum g r a d i e n t  and t h e  
ampli tude of a s i n u s o i d a l  wave t o g e t h e r  determine t h e  peak pres-  
s u r e  a t  t h e  t e s t  s i t e .  T h e  sou rce  peak p r e s s u r e  f o r  which the re  
occurs shock format ion  (from a s i n u s o i d a l  p u l s e )  a t  a d i s t a n c e  
of approximately 3500 f t  from a source  of r a d i u s  ro = 7 0  f t  i s  
shown i n  F ig .  1 as a f u n c t i o n  of  t h e  p u l s e  d u r a t i o n .  The source  
p r e s s u r e  l e v e l  i n c r e a s e s  w i t h  i n c r e a s i n g  p u l s e  d u r a t i o n ,  because 
t h e  d i s t a n c e  at  which a shock i s  formed i s  p r o p o r t i o n a l  to t h e  
wavelength; s h o r t  p u l s e s  develop i n t o  shocks more r a p i d l y  t h a n  
l o n g  p u l s e s  of  t h e  same ampli tude.  Pu l ses  w i t h  h igher  p r e s s u r e  
%Since q u a n t i t a t i v e  t h e o r e t i c a l  r e s u l t s  cannot b e  obta ined  
.. 
from Appendix E wi thou t  e x t e n s i v e  a d d i t i o n a l  a n a l y s i s  and calcu-  
l a t i o n s ,  exper imenta l  data are used here to extend  the  t h e o r e t i c a l  
r e s u l t s ;  a l l  t h e  o t h e r  f a c t o r s ,  p a r t i c u l a r l y  t h o s e  r e l a t e d  to t h e  
shape of t h e  source  p u l s e ,  are determined f r o m  f u l l y  developed 
t h e o r e t i c a l  r e s u l t s ,  which have been v e r i f i e d  by  means of  model 
t e s t s .  
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ampl i tudes  than t h o s e  cor responding  t o  F i g .  1 develop i n t o  a 
shock wave w i t h i n  a s h o r t e r  d i s t a n c e  t h a n  3500 f t ,  and t h e r e f o r e  
s u f f e r  a d d i t i o n a l  a t t e n u a t i o n  because of  energy d i s s i p a t i o n  by a 
p ropaga t ing  shock. T h i s  a d d i t i o n a l  a t t e n u a t i o n  (as  e v a l u a t e d  
from F i g .  D-lb) i s  i n d i c a t e d  i n  F i g .  2 .  
The peak v e l o c i t y  r e q u i r e d  a t  t h e  t h r o a t  o f  t h e  horn  f o r  a 
g iven  p u l s e  d u r a t i o n  and peak p r e s s u r e  a t  t h e  t e s t  s i t e  i s  shown 
i n  F i g .  3. The observed  near-independence from p u l s e  l e n g t h  
occurs  f o r  t h e  p r e s e n t  des ign ,  because  i n  o r d e r  to make up f o r  
t he  n o n l i n e a r  a t t e n u a t i o n  of t h e  s h o r t e r  p u l s e s ,  one must i n c r e a s e  
t h e  sou rce  v e l o c i t y  by approximately t h e  same f a c t o r  as one must 
i n c r e a s e  it to make up f o r  t h e  reduced  r a d i a t i o n  e f f i c i e n c y  of  
l onge r  p u l s e s .  However, F i g .  3 does not take i n t o  account  t h e  
exper imenta l ly  determined r e d u c t i o n  b y  6 to 1 0  d B  o f  t h e  peak 
p r e s s u r e  o u t s i d e  t h e  horn ,  which r e d u c t i o n  w i l l  occur  f o r  the  
longes t  p u l s e s  o f  i n t e r e s t  h e r e .  I f  one cons ide r s  t h i s  r e d u c t i o n ,  
one f i n d s  t h a t  one f a l l s  a l i t t l e  ( a  f e w  dB)  short of t h e  des ign  
goa l  of  1 4 8  dB a t  t h e  t e s t  s i t e  f o r  p u l s e s  of  0 . 3  s e c  d u r a t i o n ,  
i f  t h e  peak v e l o c i t y  a t  t he  t h r o a t  i s  l i m i t e d  to a Mach number of  
0 .5 .  However t h i s  des ign  g o a l  appears  to be achievable  f o r  s h o r t e r  
p u l s e s .  
F igu re  3 a l s o  i n d i c a t e s  t h e  r e q u i r e d  degree o f  N-wave approxi- 
mation. The shapes  o f  t h e  sou rce  p u l s e  f o r  m = 1 and m = 3 are 
shown i n  F i g s ,  B-1  and C-2, r e s p e c t i v e l y .  The pu l se  shape f o r  
very  low l e v e l s  or l ong  p u l s e s  i s  shown i n  F ig .  B-2. 
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APPENDIX A 
TRANSIENTS I N  HORNS OF VARIOUS SHAPES 
The propagat ion  of v e l o c i t y  p u l s e s  i n  horns ,  which do n o t  
f l a r e  too much ( s o  t h a t  one may cons ide r  a wave t r a v e l i n g  i n  t h e  
horn as sp read  uniformly over  t he  horn c r o s s  s e c t i o n )  may be 
s t u d i e d  i n  terms o f  a one-parameter t heo ry  f o r  t h e  sound f i e l d ,  
as desc r ibed  b y  Morse (Ref .  6 ) .  F o r  t h e  p re sen t  s t u d y  it i s  
a l s o  convenient to assume t h e  horns to be long  enough and wide 
enough a t  t h e  open end, s o  t h a t  r e f l e c t i o n s  f r o m  t h a t  may be  
n e g l e c t e d .  
A s  Morse has shown, t h e r e  a r e  b a s i c a l l y  t h r e e  t y p e s  of  
horns which can be d e s c r i b e d  b y  t h e  one parameter  t h e o r y :  
c a t e n o i d a l ,  e x p o n e n t i a l  and c o n i c a l  horns .  
a r e  ob ta ined  from Webster ' s  horn equa t ion ,  
These horn shapes 
e + L d s Q + k 2 p = 0  , 
S dx dx dx2 
i n  which S (x )  denotes  t h e  c r o s s - s e c t i a n a l  a r e a  (which depends on 
t h e  coord ina te  x ) , p  r e p r e s e n t s  t h e  p r e s s u r e ,  and k t h e  wavenum- 
b e r .  The p r o p e r t i e s  of t h e  t h r e e  horn t y p e s  are summarized i n  
Table A - 1 .  
The (complex) v e l o c i t y  ampli tude may b e  ob ta ined  f r o m  t h e  
p r e s s u r e  as 
1 Q  v(x,w) = - - i w p  dx 
where w denotes  t h e  c i r c u l a r  f requency,  and p t h e  d e n s i t y .  If 
one d e f i n e s  a v e l o c i t y  t r a n s m i s s i o n  f u n c t i o n  H by 
Report No. 1 9 4 0  Bol t  Beranek and Newman Inc .  
TABLE A-1  
PROPERTIES OF BASIC HORN TYPES 
~~ ~ 
Cateno ida l  
cosh2 




and takes  xo = 0 as t h e  r e f e r e n c e  c o o r d i n a t e  f o r  c a t e n o i d a l  and 
e x p o n e n t i a l  horns  one o b t a i n s  
f o r  c a t e n o i d a l  horns :  
I- ’ J ( i k h ) 2  + 1 
h X e t a n h  a 
x 
/ ( ikhI2 + 1 cash E 
for e x p o n e n t i a l  horns:  
x (1 + J ( i k h . I 2  + 1) 
- E .  H ( x , d  = e 
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f o r  c o n i c a l  horns :  
XO 1 - -  
x o  (. - 1 t i kx ,  - i k x  (1 - y) XO ( A . 6 )  X e H ( x , u )  = - X 
The v e l o c i t y  t r a n s m i s s i o n  c o e f f i c i e n t ,  which i s  d e f i n e d  as 
l i m  IH(x,w)l,  m u l t i p l i e d  by t h e  sp read ing  l o s s  due t o  t h e  d ive r -  
X+W 
gence of t h e  ho rns ,  i s  shown i n  F ig .  A-1  f o r  va r ious  ( l o n g )  horns 
w i t h  a given envelope shape ,  These t r a n s m i s s i o n  c o e f f i c i e n t  
curves  f o r  t h e  c a t e n o i d a l  and t h e  e x p o n e n t i a l  horns show t h e  
well-know "cut -off  frequency" phenomenon and i n d i c a t e  t h a t  t h e  
c o n i c a l  horn  a l s o  t r a n s m i t s  l o w  f r e q u e n c i e s  poor ly .  
The propagat ion  of  t r a n s i e n t s  i n  horns  may be i n v e s t i g a t e d  
w i t h  t h e  a id  of t h e  impulse-response f u n c t i o n  h ( x , t ) ,  which i s  
t h e  F o u r i e r  t r a n s f o r m  of t h e  t r a n s m i s s i o n  func t ion .  These re- 
response f u n c t i o n s  vanish  f o r  t < ; for t > - t h e y  a r e  given 
by t h e  fo l lowing  expres s ions  (Ref ,  1). 
X 
- c  
For  c a t e n o i d a l  horns : 
h ( x , t )  = 1 X t a n h  (2) J, {,E m} C 
cash E 
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f o r  e x p o n e n t i a l  horns :  
c o n i c a l  horn:  r 
Jo,J1 are Bessel f u n c t i o n s  o f  f i r s t  and second o r d e r ,  6 i s  
the  Dirac delta f u n c t i o n ,  and c r e p r e s e n t s  t h e  sQund speed,  The 
p ropaga t ing  v e l o c i t y  p u l s e s  r e s u l t i n g  from given  source  p u l s e s  
v ( 0 , t )  may be c a l c u l a t e d  b y  convolu t ion  w i t h  t h e  impulse response 
f u n c t i o n  : 
v ( x , t )  = h ( x , t )  JC v ( 0 , t )  . ( A . l O )  
Two source  p u l s e s  w i l l  be  i n v e s t i g a t e d  here. One i s  t h e  
smooth p o s i t i v e  "halfff  s ine-squared p u l s e ,  g iven  by 
n 
V o therwise  
and t h e  second i s  t h e  f u l l  sine-wave p u l s e ,  d e s c r i b e d  by  
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u r i e r  t r ans fo rm)  o f  t h e  v e l o c i t y  a t  
a d i s t a n c e  x = 2cP/.rr from t h e  t h r o a t ,  ob ta ined  as t h e  product  of 
t he  t r a n s m i s s i o n  c o e f f i c i e n t  and t h e  s p e c t r a l  d e n s i t y  of  t h e  
i n p u t  p u l s e ,  i s  p l o t t e d  i n  F ig .  A-2 f o r  t h e  t h r e e  horns  w i t h  t h e  
same o v e r a l l  dimensions e 
I n  t h e  t ime domain, one f i n d s  t h a t  t h e  p u l s e  from a ca t e -  
n o i d a l  horn  o s c i l l a t e s  s t r o n g l y  (due to t h e  p o l e  of t h e  frequency 
spectrum) and decays w i t h  an envelope t h a t  v a r i e s  as t (See 
F igs .  A - 3  and A - 4 . )  The p u l s e  from an e x p o n e n t i a l  horn  a l s o  
o s c i l l a t e s ,  bu t  decays more r a p i d l y ,  as t"3I2 ( i n  view of t h e  
s t e p  i n  t h e  frequency spec t rum) .  (See F i g s .  A-5  and A - 6 . )  Only 
the  smooth f requency  curve f o r  t h e  c o n i c a l  horn g ives  a s i n g l e  
s i n u s o i d a l  p u l s e ,  w i t h  an e x p o n e n t i a l l y  decaying t a i l .  (See 
F igs .  A - 7  and A - 8 . )  
F i g u r e s  A - 3 ,  A - 5  and A - 7 ,  ob t a ined  by means of  numer ica l  
i n t e g r a t i o n ,  a l s o  i n d i c a t e  t h e  e f f e c t  o f  p u l s e  du ra t ion .  The 
o s c i l l a t i o n s  dec rease  w i t h  i n c r e a s i n g  p u l s e  l e n g t h ,  because t h e  
low-frequency components of t h e  sou rce  p u l s e  f a l l  pelow t h e  cut-  
o f f  f r equenc ie s  of t h e  c a t e n o i d a l  and exponen t i a l  ho rns .  
The second p u l s e  shape i n  Eq. A . 1 2  i s  s t u d i e d  because of 
t h e  s t r o n g e r  responses  of a l l  horns  w i t h  s t r o n g e r  f requency com- 
ponents  of t h e  i n p u t  p u l s e  i n  t h e  frequency range  des i r ed ,  Re- 
s u l t s  f o r  t h e  horn responses  t o  s i n e  p u l s e  e x c i t a t i o n  are p l o t t e d  
i n  F igs .  A - 4 ,  A-6 and A - 8 ,  
The f u l l  s i n e  wave p u l s e  w i t h  a d u r a t i o n  of t h e  o r d e r  of  
t he  r e c i p r o c a l  of  t h e  cu t -of f  f requency  of  t h e  c a t e n o i d a l  and ex- 
p o n e n t i a l  horn  aga in  g ives  response  f u n c t i o n s  w i t h  s t r o n g  o s c i l l a -  
t i o n s ,  The c o n i c a l  horn  g ives  a response  f u n c t i o n  w i t h  two maxima. 
The ampl i tudes  a r e  h i g h e r  t h a n  t h o s e  f o r  t h e  ha l f  s ine-squared  
wave, bu t  t h e  occurrence  of a minimum number of two pronounced 
p o s i t i v e  cyc le s  makes t h a t  k ind  of  i n p u t  f u n c t i o n  unacceptab le  f o r  
t h e  purpose of c r e a t i n g  w i t h  a small  sou rce  a s i n g l e  s i n u s o i d a l  
p u l s e  which may develop i n t o  a s i n g l e  shock wave under t h e  i n f l u -  
ence of  n o n l i n e a r i t i e s .  
2 1  
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I I EXPO N ENTl A L  
FR EQU ENCY (LI NEAR SCALE) 
F1G.A-1 C O M P A R I S O N  B E T W E E N  V E L O C I T Y  T R A N S M I S S I O N  
C O E F F I C I E N T S  O F  ( L O N G )  C O N I C A L ,  EXPONEN- 
T I A L  A N D  C A T E N O I D A L  HORNS O F  T H E  S A M E  
O V E R A L L  DIMENSIONS. 
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F1G.A-2 S P E C T R U M  T R A N S M I T T E D  BY T H E  H O R N S  O F  
FIG.1 F O R  HALFSINE-SQUARED I N P U T  P U L S E  
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APPENDIX B 
FINITE-DURATION PRESSURE PULSES FROM A MONOPOLE SOURCE 
The q u e s t i o n  of  what t h e  sou rce  f u n c t i o n  must be so  t h a t  t h e r e  
w i l l  r e s u l t  a s i n g l e  N-wave a t  a g iven  d i s t a n c e  from t h e  sou rce  
c o n s t i t u t e s  a problem of s y n t h e s i s ,  which can be d e s c r i b e d  mathe- 
m a t i c a l l y  i n  terms of  a n  i n t e g r a l  equa t ion .  Because no g e n e r a l  
s o l u t i o n  f o r  t h e  n o n l i n e a r  problem of s y n t h e s i s  i s  a v a i l a b l e ,  t h e  
l i n e a r  problem w i l l  be  addressed f i r s t ;  n o n l i n e a r i t y  e f f e c t s  w i l l  
b e  cons ide red  l a t e r  ( i n  Appendix D ) .  
Consider t h e  ( l i n e a r )  sound f i e l d  radiated from a monopole 
source  of r a d i u s  r o  as a model f o r  t h e  sound f i e l d  i n  a c o n i c a l  
horn i n  which t h e  walls a r e  r i g i d  and have no e f f e c t  on the  sound 
f i e l d .  It i s  des i r ed  t o  f i n d  t h e  v e l o c i t y  p u l s e  v ( r o , t )  a t  t h e  
s u r f a c e  of a sphe re  w i t h  r a d i u s  r o  which i s  a s s o c i a t e d  w i t h  a g iven  
p r e s s u r e  p u l s e  p ( r , t ) .  
The p r e s s u r e  and v e l o c i t y  can bo th  be ob ta ined  from t h e  ve- 
l o c i t y  p o t e n t i a l  $ ( r , t ) '  (see Appendix E ) ,  which obeys t h e  wave 
equa t ion  and 
The v e l o c i t y  a t  t h e  s u r f a c e  of  t h e  sphere  i s  r e l a t ed  to the  
p o t e n t i a l  by  
The f u n c t i o n s  f t  and $ can be expressed  i n  terms of t h e  p r e s s u r e :  
Therefore ,  t h e  v e l o c i t y  of Eq .  B.2 may be expressed  as 
30 
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The p r e s s u r e  a t  t h e  r a d i u s  r i s  found simply b y  app ly ing  a s c a l i n g  
f a c t o r  of  r /ro s i n c e  t h e  shape o f  t h e  p r e s s u r e  f u n c t i o n  f '  does 
not  change w i t h  d i s t a n c e .  The p h y s i c a l  meaning of E q .  B . 4  becomes 
e v i d e n t ,  when we apply t h e  f a r - f i e l d  p r e s s u r e / v e l o c i t y  r e l a t i o n  
- -  p - v .  
P C  
( B . 5 )  
The source  v e l o c i t y  corresponds t o  t h e  f a r - f i e l d  term s c a l e d  i n  
ampli tude and t ime-sh i f t ed ,  p l u s  a n e a r - f i e l d  t e r m .  The l a t t e r  i s  
t h e  i n t e g r a l  over  a l l  p r i o r  t ime ,  multiplied b y  a weight ing  f a c t o r  
( l / r o ) .  Because of t h i s  weight ing  f a c t o r ,  small sou rces  have 
s t r o n g e r  n e a r - f i e l d s  t h a n  l a r g e r  s o u r c e s .  
A p u l s e  of f i n i t e  l e n g t h  may be t aken  t o  s t a r t  a t  t = 0 ,  
which then  becomes t h e  lower l i m i t  of t h e  i n t e g r a l  i n  Eq .  B . 4 .  
The time-average o f  t h i s  i n t e g r a l  over  t h e  whole p r e s s u r e  p u l s e  
of d u r a t i o n  P must van i sh ,  u n l e s s  t h e  sou rce  v e l o c i t y  con t inues  
beyond t = P a t  a cons t an t  va lue .  
For a p r e s s u r e  p u l s e  of zero  t ime-average va lue ,one  may draw 
t h e  fo l lowing  conc lus ions :  
1. The v e l o c i t y  p u l s e  has t h e  same d u r a t i o n  a s  t h e  p r e s s u r e  
p u l s e .  
2 .  The v e l o c i t y  g r a d i e n t s  a t  t h e  l e a d i n g  and t r a i l i n g  edges o f  
t h e  p u l s e  a r e  equa l  to t h e  p r e s s u r e  g r a d i e n t  d iv ided  b y  pc: 
'P ( r , , P >  . av - ( r , , P )  = -- a t  pc a t  
( T h i s  fo l lows  from t h e  van i sh ing  of t h e  i n t e g r a l  of E q .  B . 4  
and may b e  understood p h y s i c a l l y  by  cons ide r ing  rays  i n  an  
und i s tu rbed  medium.) 
3 1  
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3. For  a symmetr ica l  p r e s s u r e  p u l s e ,  t h e  nea r - f i e ld  component 
i s  a symmetr ica l  "hay s t a c k "  f u n c t i o n ,  which r e q u i r e s  t h a t  
t h e  sou rce  v e l o c i t y  have a g r e a t e r  p o s i t i v e  and reduced neg- 
a t i v e  p a r t ,  compared to t h e  v e l o c i t y  p u l s e  i n  t h e  fa r - f ie ld .  
For  a f i rs t  example, cons ide r  t h e  s i n e  wave p u l s e  
o the rwise  , ( B . 7 )  
P 
P C  
- (ro,t) = 
h 
where v, denotes  t h e  v e l o c i t y  ampl i tude  i n  t he  f a r  f i e l d .  From 
Eq. B.4 one f i n d s  tha t  t h e  sou rce  v e l o c i t y  here  obeys 
h 
vca 




(1 - cos  '"") P f o r  O L t L P  
o therwise  . 
( B . 8 )  
F igu re  B-1 i s  a p l o t  of t h i s  r e s u l t  f o r  v a r i o u s  va lues  of t h e  r a t i o  
o f  wavelength of  t h e  p u l s e  to t h e  source  r a d i u s ,  c P / r o .  
p u l s e s  ( o r  l a r g e  s o u r c e s )  t h e  curve approaches  a sine-wave p u l s e ;  
f o r  l ong  p u l s e s  ( o r  small s o u r c e s )  i t  approaches t h e  ha l f - s ine -  
squared  p u l s e .  
F o r  s h o r t  
I n  a d d i t i o n  to g i v i n g  the shape of  t he  v e l o c i t y  p u l s e  r e q u i r e d  
a t  t h e  source  to produce a s i n u s o i d a l  p r e s s u r e  p u l s e  i n  t h e  f a r -  
f i e l d ,  F i g .  B-1 g i v e s  a n  i n d i c a t i o n  o f  t h e  r a d i a t i o n  e f f i c i e n c y .  
According to Rayle igh ' s  l a w  f o r  t h e  p r e s s u r e  i n  t h e  f a r - f i e l d  of a 
v e l o c i t y  sou rce ,  t h e  g e n e r a t i o n  of a c o n s t a n t  p r e s s u r e  b y  a small 
sou rce  r e q u i r e s  a cons t an t  volume v e l o c i t y  q :  
Consequent ly ,  t h e  p u l s e  ampl i tude  i n  F i g .  B-1  i s  p r o p o r t i o n a l  to 
t h e  parameter  ( c P / r o )  f o r  r o  +O. 
3 2  
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F igu re  B-1 a l s o  s e r v e s  to d e s c r i b e  t h e  shape of t h e  v e l o c i t y  
p u l s e  a t  v a r i o u s  d i s t a n c e s  from t h e  source .  If a g iven  curve 
corresponds t o  t h e  source  p u l s e ,  t h e n  t h e  lower curves  g i v e  t h e  
v e l o c i t y  p u l s e  a t  d i s t a n c e s  r > r o ,  i f  t h e  parameter  cP / ro  i s  re- 
p laced  b y  cP/ r .  
A s  a second example, c o n s i d e r  an  N-wave, f o r  which t h e  r e -  
q u i r e d  t i m e  f u n c t i o n  i s  
L 0 otherwise  . (B.lO) 
The corresponding source  v e l o c i t y ,  as ob ta ined  by use o f  E q .  B.4 
obeys 
f o r  O 2 t l P  t C P  t P - - r o (p) 
- 
0 o the rwise  . 
( B . l l )  
T h i s  r e l a t i o n ,  which i s  shown g r a p h i c a l l y  i n  F i g .  B-2, 
corresponds to t h e  d e s i r e d  N-shape w i t h  added p a r a b o l i c  components. 
The f u n c t i o n  i s  no t  a n a l y t i c  a t  t h e  l e a d i n g  and t h e  t r a i l i n g  edges,  
and t h e r e f o r e  cannot be obta ined  w i t h  a l i n e a r  system. However, 
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APPENDIX C 
N-WAVE APPROXIMATION AT SMALL AMPLITUDES 
F o u r i e r  a n a l y s i s  of a p e r i o d i c  N-wave of  d u r a t i o n  ( p e r i o d )  P 
r e s u l t s  i n  a h y p e r b o l i c a l l y  decaying  ampli tude spectrum. Because 
o f  t he  antisymmetry of t h i s  wave-form about  t = 0 ,  its Four i e r -  
s e r i e s  expansion c o n t a i n s  only s i n e  terms: 
I f  one approximates  t h e  N-wave by t a k i n g  only a f i n i t e  sum 
of m te rms ,  t h e n  one f i n d s  from Eq. B . 4  t h a t  t he  r e q u i r e d  source  
v e l o c i t y  i s  g iven  by 
v ( r o , t )  P o  m 1 - cos -4 2rn t  . ( c . 2 )  2rrk 
P - -  A r - 1 [ s i n  p + vw n =1 
The v e l o c i t y  g r a d i e n t s  at t h e  l e a d i n g  and t h e  t r a i l i n g  edges 
(which a r e  e q u a l )  a r e  t h e  most impor tan t  parameters  of  t h e  approxi-  
mation. These g r a d i e n t s  depend on t h e  number of terms i n  t h e  sum 
as 
T h i s  exp res s ion  pe rmi t s  one to determine r e a d i l y  how many 
s i n e  terms one needs for any des i r ed  i n i t i a l  s l o p e .  [ A  small 
c o r r e c t i o n  i s  needed, however. I n  Eq. C . 2  t he  f a c t o r  of  propor- 
t i o n a l i t y  no longe r  r e p r e s e n t s  t h e  t r u e  f a r f i e l d  v e l o c i t y  am-  
l i t u d e ,  b u t  smaller b y  a f a c t o r  1 ( f o r  m + w )  to  IT) ( f o r  m = l > . ]  
I n  terms of t h e  exac t*  f a r - f i e l d  v e l o c i t y  amplitude,one ob- 
t a i n s  t he  fo l lowing  i n s t e a d  o f  Eq. C . 3 :  
*For  m - t w ,  G ibb ' s  phenomenon causes  a 1 9 %  d e v i a t i o n  from t h e  
e x a c t  ampl i tude .  
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1 n r  s i n  (-1 m + l  n = l  
Equat ion  C . 4  i s  r e p r e s e n t e d  g r a p h i c a l l y  i n  F i g .  C - 1  f o r  
s e v e r a l  v a l u e s  o f  t h e  o r d e r  m of  approximat ion .  T h i s  p l o t  i s  use- 
f u l  f o r  d e t e r m i n a t i o n  o f  m f o r  g iven  p u l s e  d u r a t i o n  P, sou rce  
r a d i i  ro, and i n i t i a l  v e l o c i t y  g r a d i e n t s  3v(r, ,CJ)/at .  
Once one has s e l e c t e d  m ,  one can c a l c u l a t e  t h e  shape o f  the 
source  p u l s e  from Eq. C . 2  (however, one must apply  the  same cor-  
r e c t i o n  f a c t o r  as was used i n  Eq. C . 4 ) -  A n  example, f o r  m = 3  and 
v a r i o u s  v a l u e s  of  c P / r o ,  i s  shown i n  P i g .  C-2.  
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.O 
F1G.C-1 D E S I G N  C H A R T  FOR PULSE S H A P E  A N D  AMPLITUDE 
Reduced I n i t i a l  V e l o c i t y  G r a d i e n t  
and i n  t h e  F a r - F i e l d  
--- R a t i o  o f  Peak V e l o c i t i e s  a t  t h e  S o u r c e  
m =Regree  o f  N-Wave A p p r o x i m a t i o n  
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APPENDIX D 
SPHERICAL WAVES OF FINITE AMPLITUDE 
I n t r o d u c t i o n ;  L i m i t a t i o n s  on Analys is  
The d e s i g n  g o a l  f o r  a s o n i c  boom s i m u l a t o r  i s  the  g e n e r a t i o n  
of a n  N-wave of  s p e c i f i e d  ampl i tude  w i t h i n  a g iven  tes t  area. T h e  
N-shape may be e i the r  approximate ( i n  t h e  s e n s e  o u t l i n e d  i n  Appen- 
d i x  C )  or r e s u l t  from shock format ion  due to n o n l i n e a r  e f f e c t s .  
I n  t h e  l a t t e r  case ,  t h e  N-wave should  be  produced only a t  t he  t e s t  
s i t e ,  and n o t  a l l  a long  the  p a t h  of p ropaga t ion  from the  t h r o a t  of 
t h e  horn t o  t h e  t e s t  s i t e ,  i n  o r d e r  to avoid  i n e f f i c i e n c y  (energy 
l o s s )  a s s o c i a t e d  w i t h  p ropaga t ing  shocks.  The p r e s e n t  a n a l y s i s  of 
f i n i t e - a m p l i t u d e  waves t h e r e f o r e  i s  conf ined  to shock format ion  
w i t h i n  a d i s t a n c e  o f  a f e w  wavelengths ,  and i s  n o t  concerned w i t h  
t h e  p ropaga t ion  of f i n i t e - a m p l i t u d e  waves over  l ong  d i s t a n c e s .  
Thus, e f f e c t s  of  d i s s i p a t i o n  i n  t h e  a i r  are cons idered  unimportant 
h e r e ,  and the e f f e c t s  o f  v i s c o s i t y  and heat  conduct ion  a r e  s i g n i f -  
i c a n t  only near t h e  t e s t  s i t e ,  which i s  i n  t h e  fa r - f ie ld  of t h e  
sou rce .  
I n  a d d i t i o n ,  e f f i c i e n t  g e n e r a t i o n  of  s imula t ed  s o n i c  boom 
N-waves r e q u i r e s  t h a t  t h e  maximum v e l o c i t y  a t  t h e  t h r o a t  o f  t he  
horn be small  i n  comparison w i t h  the speed of sound. Consequently,  
one may use a weak-shock method f o r  t h e  a n a l y s i s .  Weak-shock 
methods have been used e x t e n s i v e l y  f o r  t h e  a n a l y s i s  o f  f i n i t e -  
ampli tude wave p ropaga t ion  f o r  c a s e s  where t h e  waveform changes 
g r a d u a l l y  due to a n o n l i n e a r  d i s t o r t i o n ;  L i g h t h i l l ' s  r e s u l t s  
( R e f .  7 )  f o r  p l a n e  waves a r e  e s s e n t i a l l y  t h e  same as t h o s e  obta ined  
by Naugol'nykh ( R e f .  8 )  f o r  s p h e r i c a l  waves i n  t h e  f a r - f i e l d  o f  a 
source .  However, f o r  t h e  nea r  f i e l d  of s p h e r i c a l  s o u r c e s ,  t he  
assumption of g radua l ly  changing waveform does not  ho ld  (see F igs .  
B-1, B-2, D - l ) ,  and no s o l u t i o n  appea r s  to be a v a i l a b l e  f o r  t h e  
e f f e c t  of n o n l i n e a r i t i e s  on t h e  waveform of a propagat ing  v e l o c i t y  
t r a n s i e n t .  Therefore ,  a s tudy  w a s  under taken  o f  t h e  problem o f  
s p h e r i c a l  f i n i t e - a m p l i t u d e  waves by a n  approach l i k e  tha t  of  
Naugol'nykh, b u t  i n c l u d i n g  t h e  n e a r - f i e l d  components. 
Ve loc i ty  P o t e n t i a l  i n  Near-Field of S p h e r i c a l  Source 
The b a s i c  equa t ions  f o r  gas  flow from a s p h e r i c a l l y  symmetric 
sou rce  i n  a v i scous ,  heat-conduct ing medium, when d e p a r t u r e s  from 
e q u i l i b r i u m  are  t aken  i n t o  account  t o  a second approximation,  are 
summarized below. 
40 
Report No. 1 9 4 0  Bolt Beranek and Newman I n c .  
The equa t ion  of motion, 
i s  t h e  Navier-Stokes equa t ion  wi th  an  a d d i t i o n a l  term (Ref .  9 )  
~ A v = - [ [ 3 q + 5 t c ( y - 1 ) ]  nv 4 K , 
P P P 
which takes account  of t h e  s h e a r  v i s c o s i t y  n ,  t h e  bu lk  v i s c o s i t y  5 ,  
and t h e  thermal  c o n d u c t i v i t y  K.  A s  b e f o r e ,  v r e p r e s e n t s  t h e  ve- 
l o c i t y ,  p the  p r e s s u r e ,  p t h e  dens i ty ,9  c t h e  s p e c i f i c  h e a t  a t  
c o n s t a n t  p r e s s u r e ,  and y the r a t i o  of  t h e  s p e c i f i c  heats.  
P 
T h e  equa t ion  of  c o n t i n u i t y  i s  
a P  a t  ar -+ p d i v  v + v Q =  0 , 
and t h e  a d i a b a t i c  equa t ion  of  s t a t e  i s  
(D.3) 
which impl i e s  p - py 
where c denotes  t h e  speed of sound and t h e  s u b s c r i p t  s r e f e r s  to 
cons tan t  en t ropy .  
( D . 4 b )  
The system of  t h r e e  equa t ions  ( D . 1 ,  3 ,  and 4 )  f o r  t h e  t h r e e  
sound f i e l d  v a r i a b l e s  p ,  v and p can be reduced to two equa t ions  
b y  i n t r o d u c i n g  t h e  en tha lpy  w as a new v a r i a b l e ,  based on t h e  
thermodynamic r e l a t i o n  f o r  i s e n t r o p i c  p rocesses ,  
P 
w =  1 % .  
P 
Po 
( D . 5 )  
I n t e g r a t i o n  by p a r t s  and use  of Eq. D . 4  y i e l d s  
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I n  o r d e r  to r e p l a c e  p i n  Eq. D . l ,  one observes  from Eq. D . 5  t h a t  
and i n  o r d e r  to r e p l a c e  p ,  one f i n d s  f r o m  E q .  D . 6  t h a t  
One t h e n  o b t a i n s  t h e  new p a i r  o f  e q u a t i o n s ,  i n  terms of  t h e  ve- 
l o c i t y  and en tha lpy  as 
- a w  + v + [ e :  + ( y - l ) w ]  d i v  v = 0 . ( D . l O )  a t  ar 
F u r t h e r  r e d u c t i o n  to a s i n g l e  d i f f e r e n t i a l  equa t ion  can be 
achieved b y  i n t r o d u c i n g  t h e  p o t e n t i a l  4 ,  def ined  by  
Omit t ing c o n s i d e r a t i o n  o f  t h e  n e a r - f i e l d  e f f e c t s  of v i s c o s i t y  and 
heat conduct ion,  one may i n t e g r a t e  Eq. D.9 to o b t a i n  
(D.12) 
where t h e  d i s s i p a t i o n  term i s  approximated by i t s  f a r - f i e l d  com- 
ponent and i n  terms of t h e  ambient d e n s i t y  p o .  
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S u b s t i t u t i o n  of Eq. D e l l  and D . 1 2  i n t o  D . 1 0  y i e l d s  t he  
fo l lowing  d i f f e r e n t i a l  equa t ion  f o r  t h e  v e l o c i t y  p o t e n t i a l ,  which 
i s  a c c u r a t e  t o  terms of  second o r d e r  i n  ampl i tude  (where t h e  pa- 
rameter  b i s  assumed t o  be small of f i r s t  o r d e r ) :  
I n  o r d e r  t o  f i n d  an  approximate s o l u t i o n  to t h i s  e q u a t i o n  one may 
apply  t h e  t r a n s f o r m a t i o n  ( R e f .  7 )  
- -  ' r - * ¶  ( D . 1 4 )  
;r a 
s i n c e  t h e  f u n c t i o n  $J meets t h e  c o n d i t i o n  of a g radua l ly  changing 
waveform due t o  smal l  n o n l i n e a r i t i e s ,  f o r  which t h e  weak-shock 
approximation can be  a p p l i e d .  ($  i s  normalized w i t h  r e s p e c t  t o  
t he  peak v e l o c i t y  
c o o r d i n a t e  s y s t e m  c o n s i s t i n g  of  a normalized d i s t a n c e  from t h e  
source  and of  normalized t i m e  i n  a frame which moves w i t h  t he  
ambient sound speed e o .  The frame i s  f i x e d  t o  t he  l e a d i n g  edge 
a t  r = r o . )  The f u n c t i o n  JI i s  s e p a r a b l e  i n  a 
of  a p u l s e  b e f o r e  shock format ion .  ( T h i s  c o n d i t i o n  w a s  presumed 
i n  t h e  n e a r  f i e l d  of t h e  s o u r c e . )  The a p p r o p r i a t e  t r ans fo rma t ions  
t o  t h e  new c o o r d i n a t e  s y s t e m  are 
r 
rl3 
Rn - - x ,  
c o t  r - r o  - -  = T .  
r 0  r O  
( D . 1 6 )  
I n  t h e  second o r d e r  approximat ion ,  one t h e n  o b t a i n s  from hq,  D . 1 3  
t h e  d i f f e r e n t i a l  equa t ion  
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where nea r  f i e l d  terms are  t aken  i n t o  account f o r  convec t ion ,  bu t  
not  f o r  d i s s i p a t i o n .  The le f t -hand  s i d e  of  Eq. D.17 van i shes  i n  
t h e  l i n e a r  range (where ? /co  -+O and d i s s i p a t i o n  e f f e c t s  are ne- 
g l e c t e d )  and i s  small i n  t he  range  of g r a d u a l l y  changing waveform 
(where ?/eo < 1) 
t h e  l i n e a r  s o l u t i o n  of  X f o r  t h e  expres s ions  on t h e  r i g h t  s ide  of 
Eg. D.17, as l o n g  as the change i n  $ i s  small, i . e . ,  as l o n g  as 
t h e  i n t e g r a t i o n  i s  c a r r i e d  o u t  over  small  d i s t a n c e s  A X < 1 .  By 
use  of the l i n e a r  s o l u t i o n ,  
For t h e  f i rs t  o r d e r  approximation,  one may use  
where Ap/po c l  i s  t h e  small ove rp res su re  i n  t h e  p u l s e  r e l a t i v e  t o  
t h e  ambient s t a t i c  p r e s s u r e ,  one may r e w r i t e  Eq.  D.17 as 
The f i rs t  t e rm on the l e f t  s i d e  i s  of importance only i n  t h e  nea r  
field of  very small sources, where t h e  small n o n l i n e a r  s p a t i a l  
v a r i a t i o n  of t h e  pulse-shape i s  comparable t o  t he  small v a r i a t i o n  
i n  time of very low frequency components. One may exclude t h i s  
case here, s i n c e  very small sou rces  w i t h  low r a d i a t i o n  e f f i c i e n c y  
are  of  no i n t e r e s t .  The remaining p a r t  of t h e  e q u a t i o n  r e l a t e s  
k i n e t i c  energy ,  reduced by  d i s s i p a t i o n  l o s s e s ,  (on t h e  r ight-hand 
s i d e )  t o  the  v a r i a t i o n  of  t h e  p u l s e  shape (on t h e  l e f t -hand  s i d e ) .  
Near - f ie ld  e f f e c t s  of  t h e  sou rce  are  inc luded  i n  t h e  normalized 
v e l o c i t y ,  
Approximate S o l u t i o n  f o r  P o t e n t i a l  
(D.20) 
The d i f f e r e n t i a l  Eq. D.19, w i t h  D.20, can be so lved  f o r  small 
X by s e t t i n g  
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where a o ( T )  i s  t h e  l i n e a r  s o l u t i o n  f o r  a ,  = 0 ,  and a , ( T )  i s  a non- 
l i n e a r  c o e f f i c i e n t .  The boundary c o n d i t i o n  a t  t h e  s.ource y i e l d s  
-t 8, - a. 3 a a o  u(0,T)  = - - 3T (D.22) 
and by i n t e g r a t i o n  
The c o e f f i c i e n t  a ,  i s  determined from E q .  D.19 and the l i n e a r  
s o l u t i o n  f o r  J, a t  X = 0 as 
( D . 2 4 )  
where n e a r - f i e l d  c o n t r i b u t i o n s  of  t h e  d i s s i p a t i v e  term a r e  ne- 
g l e c t e d .  The approximate s o l u t i o n  f o r  t h e  v e l o c i t y  p u l s e  then  
may be ob ta ined  f r o m  Eq .  D.20  as 
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x + e-' ( a ,  - a o  - a , ~ )  aaO a a l  u(X,T) = - -- -8T aT 
T 
u (0 ,T)  - (1 - e-') emT 1 eTu(O,cc)dT 
0 
T T  aa 
+ X [e-T I e aldT - 2a, 
0 
T I e'lu(0,T)dT -T = u(0 ,T)  - (1 - e-') e 
0 
+ X( :(u2(O,T) t - au ( O , T ) [ F  u(O,T) - 
8T 
T T t  * -T T - - -  v e  /et[[.. 9- (y- l )ue-T l e  u d t  + 52 [e-r \ e t u d t ] j  dT 
co 0 0 0 
I n  a d d i t i o n  t o  the l i n e a r  s o l u t i o n ,  Eq. D.25 c o n t a i n s  t h e  
e f f e c t s  o f  n o n l i n e a r i t i e s ,  w i t h  q u a d r a t i c  terms account ing  f o r  
r e c t i f i c a t i o n  e f f e c t s  and a l i n e a r  t e r m  f o r  t h e  small d i s s i p a t i o n .  
The i n t e g r a l s  over  q u a d r a t i c  terms r e p r e s e n t  n e a r - f i e l d  components, 
which t end  t o  reduce  t h e  fa r - f ie ld  v e l o c i t y .  The u2 term charac-  
t e r i z e s  a c o u s t i c a l  s t r eaming .  The d e r i v a t i v e  of  u2 i s  r e s p o n s i b l e  
f o r  shock format ion .  bqua t ion  D.25 a l s o  snows tha t  the n e a r - f i e l d  
i n h i b i t s  shock format ion .  
The p r e s s u r e  p u l s e  can  b e  c a l c u l a t e d  from Eq.  D . 4 ,  w i t h  the  
d e n s i t y  ob ta ined  from t h e  i n t e g r a l  o f  Eq .  D . 8  as 
( D . 2 6 )  
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o r ,  w i t h  t he  en tha lpy  w of  E q .  D.12, 
( ~ . 2 8 )  
A se r ies  expans ion  y i e l d s  
a c c u r a t e  t o  second-order terms. 
With t h e  t r ans fo rma t ions  D . 1 4  to D.16, one f i n d s  t h a t  at t h e  
o r i g i n  ( x = 0) , 
which, a f t e r  i n t r o d u c t i o n  of t h e  approximate s o l u t i o n  f o r  @ of  
Eq. D.21 becomes 
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1 = - v [u(O,T) - e -T I e'u(0,T)dT h T c O  0 
T T 
0 0 
- ( ~ - l ) u e - ~  I e'udT + 9 [e-T I e t u d t ) 2 ] d r  . (D.31) 
The r e s u l t  f o r  the p r e s s u r e  p u l s e  can  be i n t e r p r e t e d  i n  the 
same way as the r e s u l t  f o r  t h e  v e l o c i t y  o f  E q .  D.25. Q u a d r a t i c  
terms i n d i c a t e  a r e c t i f i e d  component, i n t e g r a l s  of  the  n o n l i n e a r  
s o l u t i o n  i n d i c a t e  n e a r - f i e l d  e f f e c t s  o f  the  v e l o c i t y  sou rce  and 
reduce  t h e  p r e s s u r e ;  the d i s s i p a t i v e  t e r m  l i m i t s  t h e  shock f r o n t  
i n  t h e  fa r - f ie ld .  
The shape  of  t h e  p r e s s u r e  p u l s e  a t  a d i s t a n c e  X from the  
source  may be c a l c u l a t e d  from t h e  v e l o c i t y  u ( X , t ) ,  which f o r  s m a l l  
X fo l lows  from E q .  D.25. For small s o u r c e s ,  one must c a r r y  ou t  
the  c a l c u l a t i o n  f o r  many small increments  o f  X, u n t i l  n e a r - f i e l d  
terms are  n e g l i g i b l e  and t h e  f a r  f i e l d  form o f  E q .  D.20, 
pe rmi t s  one t o  o b t a i n  a c l o s e d  s o l u t i o n  of  E q .  D.19 f o r  the  far  
f i e l d  (Refs .  7 , 8 ) ,  
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I n  o r d e r  to f i n d  t h i s  s o l u t i o n ,  one n e g l e c t s  the s p a t i a l  v a r i a t i o n  
of t h e  d i s s i p a t i v e  t e r m ,  i n  view of L i g h t h i l l ’ s  argument t h a t  t h e  
a c t u a l  v a l u e  of t h e  v i s c o s i t y  (or an  assumed s p a t i a l  v a r i a t i o n  of 
i t )  cannot  a f f e c t  the  p o s i t i o n  and development of t h e  shock f r o n t  
s i g n i f i c a n t l y ,  s o  long  as i t  remains s m a l l .  
Using t h e  t r a n s f o r m a t i o n s  
G y+l y =  x .  --
2 ’  
one o b t a i n s  from Eq. D.33 a form known as Burge r s ’ s  equa t ion :  
I f  one now s u b s t i t u t e s  
one o b t a i n s  t h e  fami l ia r  d i f f u s i o n  equa t ion ,  
The d i r e c t  r e l a t i o n s  between u and x a r e  
-4 9 
Report No. 1940 Bolt Beranek and Newman Inc. 
x = expC-BST -m udt) (D. 40) 
Laplace's classical initial-value problem solution of Eq. (D.38) 
is 
(D.41) 
From this, one obtains by use of Eqs. (D.39) and (D.40) 




c y t l  
2 x -  
Distance for Shock Formation 
The most important quantity in relation to nonlinear pulse 
propagation is the velocity gradient at the leading and the trail- 
ing edges of the pulse. The two are equal and constant, for small 
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p u l s e s  of f i n i t e  d u r a t i o n .  However, f o r  f i n i t e - a m p l i t u d e  p u l s e s ,  
n e a r - f i e l d  e f f e c t s  change t h e  d i s t r i b u t i o n  of frequency components 
which i s  necessa ry  f o r  a f i n i t e  p u l s e  d u r a t i o n ,  and t h e  v e l o c i t y  
g r a d i e n t s  a t  t h e  l e a d i n g  and t h e  t r a i l i n g  edges of t h e  p u l s e  are  
no longe r  e q u a l .  Simple r e s u l t s  can be de r ived  only f o r  t h e  lead- 
i n g  edge. 
au For a g r a d i e n t  (0,O) = a o ,  E q .  (D.25) y i e l d s  
- au (CX,O) = a ,  + da = a, + dX [&- * y + l a 2  + aT b 
The nea r  f i e l d  terms g ive  no c o n t r i b u t i o n ,  and t h e  same ex- 
p r e s s i o n  may a l s o  be de r ived  from Eq. (D.33) .  One may n e g l e c t  t h e  
d i s s i p a t i v e  term and i n t e g r a t e  Eq. (D.44) t o  o b t a i n  
from w h i  ch 
1 a =  
The g r a d i e n t  becomes i n f i n i t e  f o r  X = Xs, 
(~,46) 
T h i s  r e l a t i o n  i s  t h e  well-known one for t h e  d i s t a n c e  f o r  
shock fo rma t ion  i n  s p h e r i c a l  waves, when a, i s  expressed  i n  terms 
of t h e  f requency ,  b u t  may be a l s o  a p p l i e d  f o r  p u l s e s  w i t h  an i n i -  
t i a l  g r a d i e n t  a, of  t h e  normalized v e l o c i t y  or t h e  normalized 
p r e s s u r e .  Equat ion (~.46) a l s o  may be r e w r i t t e n  as 
Report No. 1940 Bolt Beranek and Newman I n c .  
I *  (: +i a v / a t ( r o , o )  1 rs = P o  
F igure  D - l a  i s  a graph based on Eq.  (D.47), and may be used 
t o  de te rmine  t h e  i n i t i a l  v e l o c i t y  g r a d i e n t  r e q u i r e d  t o  produce a 
shock a t  a g iven  l o c a t i o n .  Together  wi th  the  r e q u i r e d  v e l o c i t y  
( o r  p r e s s u r e )  ampl i tude ,  t h i s  r e s u l t  may t h e n  be used t o  de te rmine  
the  approximate optimum shape of  the source  p u l s e ,  from Fig .  C - 1  
and Fig.  C-2 ( o r  from e q u i v a l e n t  r e s u l t s  from t h e  l i n e a r  t h e o r y ) .  
For a s i m p l e  example (which i n c l u d e s  n e i t h e r  n o n l i n e a r  ef- 
f e c t s  on t h e  peak n o r  the  e f f e c t  of a horn)  c o n s i d e r  a shock- 
fo rma t ion  d i s t a n c e  r = 3500 f t ,  a sou rce  r a d i u s  ro = 70 f t ,  and 
a p u l s e  d u r a t i o n  P ='0.18 see .  
g r a d i e n t  of 0.225. For  a desired peak Fzessu re  cor responding  t o  
L(rs) = 133 d B  ( re  2.10-4pb), 
Figure  D - l a  y i e l d s  a normalized 
Then, w i t h  r /cP = 0.35, one f i n d s  from F ig .  C-1 t h a t  the 
degree of approxiRat ion  r e q u i r e d  i s  m = 3. 
of  t h e  v e l o c i t y  p u l s e  i s  t h e n  ob ta ined  from F ig .  C-2 (by i n t e r -  
p o l a t i o n  f o r  cP/r = 2 . 8 ) .  The required 'Mach number of the peak 
v e l o c i t y  a t  t h e  s8urce  t h e n  i s  approximately 
The approximate shape 
h 
0.056 . = 1.25 c- = $( ro )  v- r 
CO 0 ro 
A s o l u t i o n  f o r  t h e  p u l s e  shape a t  r = 539 f t  was ob ta ined  
by numerical  computer i n t e g r a t i o n  of  Eq.  (D.25) f o r  t h e  v e l o c i t y  
p u l s e  and Eq.  (D.31) f o r  t h e  p r e s s u r e  p u l s e .  The c a l c u l a t e d  vel' 
o c i t y  p u l s e  a t  r = r and t h e  p r e s s u r e  p u l s e s  a t  r = r and 
r = 539 f t  are p l o t t ? d  i n  Fig.  D-2; bo th  p u l s e s  a t  r 3'539 f t  are 
p l o t t e d  i n  F ig .  D-3. The d i f f e r e n c e  between the p u l s e  shapes f o r  
v e l o c i t y  and p r e s s u r e  a t  t h e  source  appea r ing  i n  F ig .  D-2, i n d i -  
c a t e s  t h e  presence  of a s i g n i f i c a n t  n e a r - f i e l d ;  the  almost  i d e n t i -  
c a l  p u l s e  shapes shown i n  Ftg.  D-3 are t y p i c a l  of the  far-f ie ld .  
The d i s t a n c e  r = 539 f t  was chosen because Eq. (D.45) shows that  
a t  t h i s  d i s t a n c e  t h e  g r q d i e n t  a t  t h e  l e a d i n g  edge of  the p u l s e  
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should  be tw ice  t h e  i n i t i a l  v a l u e ,  (which ag rees  w i t h  t h e  computer 
s o l u t i o n ) .  F igu re  D-2 shows tha t  t h e  t r a i l i n g  edge exper iences  ap- 
proximately t h e  same i n c r e a s e  i n  t h e  g r a d i e n t .  Nonlinear  near-  
f i e l d  e f f e c t s  can b e  observed from t h e  asymmetry of t h e  p o s i t i v e  
and n e g a t i v e  peaks.  (The e x p o n e n t i a l l y  decaying t a i l  beyond t h e  
o r i g i n a l  p u l s e  l e n g t h  i s  t o o  s m a l l  i n  ampli tude t o  b e  shown t o  
t h e  s c a l e  of t h e  g raph . )  The small d i f f e r e n c e  between t h e  shape 
o f  t h e  p r e s s u r e  p u l s e  i n  t h e  n e a r - f i e l d  and t h a t  i n  t h e  f a r - f i e l d  
proves t h e  adequacy of l i n e a r  t heo ry  f o r  t h e  des ign  of t h e  p u l s e  
shape. 
C a l c u l a t i o n s  of t h e  p u l s e  shape a t  g r e a t e r  d i s t a n c e s  from 
t h e  sou rce  may b e  c a r r i e d  o u t  w i t h  t h e  a id  of E q .  (D-43). I n  t h e  
r e g i o n  of shock format ion ,  t h e  p u l s e  w i l l  become symmetric. 
The p u l s e  shape r e q u i r e d  f o r  shock format ion  a t  a g iven  d i s -  
t a n c e  from t h e  sou rce  depends s t r o n g l y  upon t h e  p r e s s u r e  a m p l i -  
t ude ,  o r  t h e  c o r r e s p o n d i n g , l e v e l  L ( r s ) .  A r e d u c t i o n  of t h e  l e v e l  
of t h e  prev ious  example b y  4 d B  l e a d s  t o  a r e q u i r e d  degree of ap- 
proximation of m = 5 f o r  t h e  sou rce  p u l s e .  An i n c r e a s e  of t h e  
l e v e l  a t  rs = 3500 f t  by 7 d B  y i e l d s  
and from F ig .  C - 1  f o r  an o r d i n a t e  1 0  0.225 = 2 . 2 5  and a b s c i s s a  
ro/cP = 0.35,  t h e  degree  of  approximation i s  m = 1. The p u l s e  
shape a t  t h e  sou rce  fo l lows  by i n t e r p o l a t i o n  from F i g .  B-1  and i s  
p l o t t e d  i n  F i g .  D-4 .  From F i g .  B-1  one f i n d s  t h e  peak Mach number 
a t  t h e  source  t o  be 
* 
;(Po 1 va r = 1 . 5  - - = 0.15 . 
CO co r o  
Computer s o l u t i o n s  f o r  t h e  d i s t a n c e  a t  which t h e  g r a d i e n t  i s  
double t h e  i n i t i a l  va lue  ( r  = 539 f t ) ,  are  p l o t t e d  i n  F i g s .  D-4  
and D-5. I n  a d d i t i o n  t o  t h e  c h a r a c t e r i s t i c s  ev iden t  i n  F i g s .  D-2 
and D-3 ( f o r  t h e  p rev ious  examp1e)one f i n d s  h e r e  a s m a l l  t r a i l i n g  
" t a i l " ,  due t o  n o n l i n e a r i t i e s .  But g e n e r a l l y ,  t h e  same cons idera-  
t i o n s  as b e f o r e  a r e  v a l i d  h e r e .  
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A s  demonstrated by t he  fo rego ing  examples, n o n l i n e a r  near-  
f i e l d  e f f e c t s  have no i n f l u e n c e  on t h e  d i s t a n c e  f o r  shock forma- 
t i o n .  They are only of minor importance f o r  the  peak p r e s s u r e  
and t h e  shape of t h e  p u l s e  w i t h i n  t h e  d i s t a n c e  of  shock fo rma t ion ,  
i f  t h e  sou rce  i s  n o t  t o o  small - < 3  .and i f  there i s  a f i n i t e  e: ) 
i n i t i a l  g r a d i e n t  ( i . e . ,  i f  a, # O )  provided  tha t  t h e  i n i t i a l  g r a d i e n t  
i s  a l s o  t h e  maximum g r a d i e n t .  
I f  t h e  i n i t i a L g r a d i e n t  i s  no t  t h e  maximum, but  i f  t h e  maxi- 
mum g r a d i e n t  a m  of the  source  p u l s e  occurs  a t  T = T,, t h e n  l i n e a r  
and n o n l i n e a r  n e a r - f i e l d  terms may delay shock format ion  markedly .  
For  t h e  s i m p l e  example 
 am^ a t  T = T~ 
Equat ion (D.25)  y i e l d s  
A 
V 
-TmX [ am-ao + - CO (-2a; + a; + y - g  ama,)] 
( D . 4 8 )  
I n  a d d i t i o n  t o  t ime-independent terms, which correspond t o  
E q .  ( D . 4 4 ) ,  there  occur s  t h e  s t r o n g  n e g a t i v e  t e r m  -TmX(am-ffo)  due 
t o  l i n e a r  n e a r  f i e l d  e f f e c t s ,  T h e  n o n l i n e a r  e f f e c t  of  a c o u s t i c a l  
s t reaming (*a;: TmX) suppor t s  t he  shock fo rma t ion  but  a l a t e  maxi- 
mum g r a d i e n t  of  small sou rces  ( T m > l )  may delay shock format ion  i n  
view of the  dominant n o n l i n e a r  n e a r  f i e l d  term -TiX 
A 
a: y. CO 
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An example f o r  t h e  weak n o n l i n e a r  e f f e c t s  on a p u l s e  w i t h  a 
smooth l e a d i n g  edge (and an unbalanced frequency spectrum, s o  t h a t  
t h e r e  i s  an exponen t i a l  decay f o r  t h e  t r a i l i n g  t a i l )  i s  computed 
and i s  p l o t t e d  i n  F i g .  D-6 .  The p u l s e  shape i n  t h e  fa r  f i e l d  i s  
l i t t l e  a f f e c t e d  by n o n l i n e a r i t i e s ,  c o n t r a r y  t o  t h e  r e s u l t s  shown 
i n  F i g s .  D-2 to D-5. 
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SHOCK FORMATION DISTANCE / SOURCE RADIUS rs / ro  
F 1 G . D - l b  V A R I A T I O N  OF I N I T I A L  G R A D I E N T  O F  SOURCE P U L S E  W I T H  
D I S T A N C E  FOR SHOCK F O R M A T I O N ,  A T  CONSTANT SHOCK . 
PRESSURE A M P L I T U D E S  AND A T  CONSTANT SOURCE V E L O C I T Y  
A M P L I T U D E S .  
vo = peak v e l o c i t y  a t  l a r g e  source  (no  n e a r - f i e l d )  
Co = sound speed 
L p ( r s )  = l e v e l  of  peak p r e s s u r e  ( r e  2 x l O " ' + ~ b )  a t  
shock formation d i s t a n c e  57 
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PEAK MACH NUMBER G/CO = 0.14 
DEGREE OF APPROXIMATION m =  
v ( ro ,T )  
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F1G.D-5 P R E S S U R E  A N D  V E L O C I T Y  P U L S E S  A T  r / r o  = 7.7 
F O R  S O U R C E  C O N D I T I O N S  O F  F1G.D-4 A N D  D E G R E E  O F  
A P P R O X I M A T I O N  m = 1 
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APPENDIX E 
PULSE PROPAGATION OUTSIDE HORN 
I n  l i n e a r  a c o u s t i c  t h e o r y ,  one o b t a i n s  a d e s c r i p t i o n  o f  a 
sound f i e l d  b y  s o l v i n g  t h e  wave-equation f o r  t h e  p o t e n t i a l  4 ,  
namely 
w i t h  a p p r o p r i a t e  i n i t i a l  and boundary c o n d i t i o n s .  Here A i s  t h e  
Laplace o p e r a t o r ,  c denotes  t h e  sound speed,  and t t h e  t i m e .  The 
sound p r e s s u r e  p and v e l o c i t y  v can be ob ta ined  f r o m  the  p o t e n t i a l  
as 
where p denotes  t h e  d e n s i t y  of t h e  medium ( h e r e ,  a i r ) .  
The i n i t i a l  c o n d i t i o n s  for a p u l s e  propagat ing  from t h e  
mouth of a c o n i c a l  horn may be g iven  i n  terms o f  t h e  r ad ia l  velo-  
c i t y  over  s p h e r i c a l  cap which has i t s  c e n t e r  a t  t h e  apex o f  t h e  
cone. The boundary c o n d i t i o n  i s  t h a t  t h e  v e l o c i t y  normal to t h e  
r i g i d  walls of t h e  cone i s  zero .  The sound f i e l d  i s  expected to 
change l i t t l e  i f  ( i n  o rde r  to s i m p l i f y  t h e  a n a l y s i s )  one r e p l a c e s  
a cone w i t h  a small ang le  b y  an unflanged p i p e  or i f  one approxi-  
mates an a r b i t r a r y  wide cone by a sphe re ,  which i s  r i g i d  except  
f o r  t h e  a r e a  cor responding  to t h e  mouth of  t h e  horn.  Both s i m -  
p l i f i e d  models permit  t h e  s e p a r a t i o n  of  t h e  wave equa t ion  i n  
s p h e r i c a l  coord ina te s  r ,  8 (symmetry i s  assumed i n  t h e  o t h e r  
s p h e r i c a l  coord ina te  a n g l e ) ,  where r = 0 a t  t h e  mouth of t h e  
p ipe  o r  a t  t h e  c e n t e r  of t h e  sphere,  r e s p e c t i v e l y ,  and 8 i s  mea- 
su red  from t h e  a x i s  of t h e  horn.  
The unflanged p i p e  has been analyzed b y  s e v e r a l  au tho r s  
(Refs .  10-13). R e s u l t s  f o r  t h e  angu la r  d i s t r i b u t i o n  of  t h e  radi-  
a ted i n t e n s i t y ,  as c a l c u l a t e d  b y  Morse and Feshbach ( R e f .  12) ,a re  
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g iven  i n  F ig .  E-1; r e s u l t s  f o r  t h e  r e f l e c t i o n  c o e f f i c i e n t  f o r  t h e  
p l ane  wave mode i n  t h e  p i p e  are shown i n  F ig .  E-2. (Note t ha t  
bo th  t h e s e  f i g u r e s  re fe r  t o  pure  s i n e  waves o f  wavenumber k . )  
A h igh  r e f l e c t i o n  c o e f f i c i e n t  a t  low f r equenc ie s  occur s  i n  con- 
j u n c t i o n  w i t h  weak and o m n i d i r e c t i o n a l  r a d i a t i o n .  Above t h e  f re -  
quency a t  which t h e  p i p e  d i ame te r  i s  approximate ly  e q u a l  t o  one 
wavelength,  t h e  r e f l e c t i o n  c o e f f i c i e n t  i s  smaller t h a n  0 . 1 0 ,  and 
t h e  cor responding  r a d i a t i o n  i s  h i g h l y  d i r e c t i o n a l  a long  t h e  a x i s  
of  t h e  p i p e .  ( I n  o r d e r  t o  i n t e r p r e t  these  r e s u l t s  i n  r e l a t i o n  
t o  N-wave p u l s e s ,  one may compare t h e  r e c i p r o c a l  o f  t h e  p u l s e  
d u r a t i o n  t o  f r e q u e n c i e s  i n d i c a t e d . )  
For  t h e  second model of  a s p h e r i c a l  p i s t o n  i n  a r i g i d  sphe re ,  
t h e  p o t e n t i a l  f u n c t i o n  o u t s i d e  t h e  sphe re  may be found i n  R e f .  12. 
For a p i s t o n  moving wi th  r ad ia l  v e l o c i t y  v o e  
t h e  p o r t i o n  of  t h e  sphere ( o f  r a d i u s  a )  between 8 = 0 and 8 = e , ,  
and occupying 
where k = w/c denotes  t h e  Qavenumber, hn t h e  s p h e r i c a l  Bessel 
f u n c t i o n  of  t h e  t h i r d  k ind  ( o r  t h e  s p h e r i c a l  Hankel f u n c t i o n  f o r  
ou tgoing  waves),  hA t h e  d e r i v a t i v e  of  t h a t  f u n c t i o n  w i t h  r e s p e c t  
t o  t h e  argument kr, and 
where Pn are Legendre polynomials .  
i n d i c a t e s  t h e  s u p e r p o s i t i o n  of  a monopole (n -0 ) ,  a d i p o l e  ( n = l )  
and h igher -order  sou rces .  
The summation i n  E q .  ( E . 4 )  
The most s i g n i f i c a n t  d i f f e r e n c e  between t h i s  model and t h e  
unf langed  p ipe  i s  t h e  cu rva tu re  o f  t h e  phase- f ront  f o r  t h e  i n i -  
t i a l  cond i t ions .  T h i s  cu rva tu re ,  which obvious ly  depends on t h e  
r a d i u s  of  t h e  s p h e r i c a l  p i s t o n ,  leads t o  phase d i f f e r e n c e s  be- 
tween rays tha t  a r r i v e  a t  a g iven  l o c a t i o n  from d i f f e r e n t  p o i n t s  
on t h e  s i n u s o i d a l l y  moving p i s t o n .  Under t h e  c o n d i t i o n  of sym- 
m e t r y ,  which occur s  on t h e  axis of  t h e  p i s t o n  (e=O), components 
w i t h  d i f f e r e n t  phase may add t o  o r  c a n c e l  each o t h e r ,  g i v i n g  r i s e  
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to "Fresne l  Zones". Formation o f  such zones i s  i n d i c a t e d  i n  
E q .  (E,4) b y  t h e  d i f f e r e n t  phases  of t h e  s p h e r i c a l  Bessel func- 
t i o n s ,  weighted by r a d i a t i o n  e f f i c i e n c i e s  g iven  b y  t h e  Legendre 
f u n c t i o n s .  O f f  a x i s ,  t h e  symmetry of t h e  r a d i a t i o n  i s  reduced, 
and t h e  i n t e r f e r e n c e  p a t t e r n  i s  less  pronounced. 
To s tudy  t h e  p ropaga t ion  o f  p u l s e s  i n  t h e  t i m e  domain, one 
a p p l i e s  t h e  Laplace Transformation to E q .  (E.4), and o b t a i n s  
where s ' = k / i c  and i=G. The s p h e r i c a l  Besse l  f u n c t i o n s  can be 
w r i t t e n  as 
f o r  n even 
f o r  n odd, 
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where h and h' are the complex zeros of the spherical Bessel 
function hn(iz) and its derivative h: (iz), respectively; the ( 8 )  
z,m z,m 
indicates the complex conjugate; hz,n+l and h' are the real 
zsg + 1 -2- 
zeros of hn(iz) (for n even) and hA(iz) ( f o r  n odd), respectively. 
In order to nondimensionalize the time and frequency vari- 
ables, one may introduce 
and in order to deal with the pulse in a frame that is fixed to 
its leading edge, one may let 
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The i n t e g r a t i o n  over  t h e  f requency  domain can be performed w i t h  
t h e  a i d  of  Heav i s ide ' s  Expansion Theorem (Ref .  13); one f i n d s  
where f ( h t  ) i s  the  numerator polynomial  o f  Eq. ( E . l O )  t aken  a t  
a l l  complex and conjugate  complex ze ros  hL,m, and g ( h l  ) i s  t h e  
denominator polynomial  from which t h e  z e r o  f a c t o r  has been removed. 
z,m 
z ¶ m  
The f i rs t  z e r o s  of  t h e  s p h e r i c a l  Bessel f u n c t i o n s  a r e :  
h '  = - 1 + i  
z,l 
= -1.11 + i 1 .95  h '  
z,l 
The ze ros  of  t h e  h i g h e r  o r d e r  s p h e r i c a l  Bessel f u n c t i o n s  l i e  
approximate ly  on t h e  f i n i t e  a r c  shown i n  F i g .  E-3 (Ref .  1 3 ) .  The 
a b s o l u t e  va lue  i n c r e a s e s  w i t h  t h e  o rde r .  Large n e g a t i v e  r ea l  
parts are a s s o c i a t e d  w i t h  small imaginary p a r t s ,  and v i c e  ve r sa .  
After i n s e r t i o n  of t h e  f i rs t  ze ros  i n  Eq. ( E , l l ) ,  and com- 
b i n a t i o n  of  t h e  complex con juga te s  and e x p r e s s i n g  them i n  terms 
of t r i g o n o m e t r i c  f u n c t i o n s ,  one may r e w r i t e  Eq. ( E . l l )  as 
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t(( - 1) s i n ( T - r )  t cos(T-r)  a ,  1 
c0.74 - 1.24 r t 0.7(:)2] 
x s i n  1.95(T-r) a2 
t ...] d T  
where t h e  a's are f u n c t i o n s  of t h e  ang le  0 and are  de f ined  as 
fo l lows  : 
(E.14) 
A s  prev ious ly  mentioned, t h e  term f o r  n=O c h a r a c t e r i z e s  a 
The term f o r  n = l  d e s c r i b e s  d i p o l e  r a d i a t i o n  w i t h  o s c i l l a t i n g  
monopole, t h e  s t r e n g t h  of which i n c r e a s e s  w i t h  t h e  source ang le  
0 , .  
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( t r i g o n o m e t r i c )  weight ing  f u n c t i o n s  f o r  t h e  c o n t r i b u t i o n  o f  p r i o r  
even t s  to t h e  t o t a l  response  a t  a c e r t a i n  t i m e  T .  For h ighe r  n,  
p r i o r  events  c o n t r i b u t e  l ess ,  e i t h e r  due to an e x p o n e n t i a l  weight- 
i n g  f u n c t i o n  w i t h  i n c r e a s i n g l y  l a r g e  n e g a t i v e  exponent,  or due to 
greater  o s c i l l a t i o n s  wi th  h i g h e r  f r e q u e n c i e s .  
From t h e  p o t e n t i a l  i n  Eq. (E .13) ,  one may o b t a i n  t h e  r a d i a l  
v e l o c i t y  and sound p r e s s u r e  by a p p l i c a t i o n  of  Eqs. ( E . 2 )  and ( E . 3 ) ,  
to f i n d  
a + 2 [ c o s ( T - ~ )  + sin(T- . r ) ]  a ,  
+ e  -0*11(T-T)[2.67+1.63 5 - 2 . 1 4  (212] cos1.95(T-T) r r 
2 
[-0.85+4.01 + 0 . 7 2  (51 1 sin1.95(T-T))  a2 - O e l l ( T - T )  + e  r 
( E . 1 5 )  
and 
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+( f sin(T- 'c) t [ 2 ,- :] cos(T-T)) a1 
2 
t e  -0 11 ( T - T  ) [-0.85 + 3.63 $ - 1.09 1:) ] sin1.95(T-T))a2 
t ...] d7 
From t h e  i n i t i a l  c o n d i t i o n s ,  one observes  t h a t  
1 for o 5 e < e,  
n 
o .for e 2 e ,  
(E.16) 
(E.17) 
From E q s .  (E.15) and ( E . 1 6 )  one f i n d s  ( i n  agreement w i t h  r a y  con- 
s i d e r a t i o n s )  t ha t  t h e  p r e s s u r e  and v e l o c i t y  g r a d i e n t  a t  t h e  lead- 
i n g  edge o f  t h e  p u l s e  are i n  phase and re la ted  t o  each o t h e r  b y  
t h e  c h a r a c t e r i s t i c  wave impedance pc, and tha t  t h e y  decay (as  a / r )  
due only t o  s p h e r i c a l  d ivergence .  One also n o t e s  t h a t  p r e s s u r e  
and v e l o c i t y  i n  t h e  far-f ie ld  ( r > > a )  a r e  re la ted by pc. 
o u t s i d e  t h e  cone a n g l e  e , ,  t he  i n i t i a l  g r a d i e n t  f o r  8 > 8 ,  van i shes  
and any n o n l i n e a r  e f f e c t s  (which leads t o  shock fo rma t ion )  a t  t h e  
l e a d i n g  edge of  t h e  p u l s e  w i l l  be  n e g l i g i b l e  i n  t h i s  r eg ion .  
S ince  t h e  i n i t i a l  v a l u e  v ( a , o )  and i t s  d e r i v a t i v e s  are zero  
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Within the  cone ang le ,  however, t h e  p u l s e  l e a d i n g  edge behaves 
l i k e  i t  does i n  t h e  horn,  and d i s t a n c e  f o r  shock format ion  due 
to n o n l i n e a r  e f f e c t s  i s  t h e  same as would be  ob ta ined  w i t h  p u l s e  
propagat ion  i n s i d e  t he  horn ( i f  t h e  shock format ion  d i s t a n c e  i s  
determined by the i n i t i a l  g r a d i e n t ) .  
The i n f l u e n c e  of  n e a r - f i e l d  e f f e c t s  a t  t h e  source  on the  
p u l s e  shape i s  determined b y  t h e  va lue  of t h e  i n t e g r a l s .  I n  
c o n t r a s t  to a monopole source ,  h i g h e r  o rde r  sou rces  a lso g ive  
r i s e  to n e a r - f i e l d  terms f o r  t h e  p r e s s u r e .  These terms a r e  small 
- C P  
a f o r  short p u l s e s ,  where t h e  maximum i n t e g r a t i o n  t ime Tmax 
( P  = p u l s e  l e n g t h )  i s  small compared t o  u n i t y .  They are a l s o  
small f o r  l a r g e  p i s t o n  ang le s  e , ,  f o r  which t h e  d i r e c t i v i t y  of 
t h e  source  i s  l e s s  pronounced (and f o r  which t h e  monopole source  
dominates t h e  p r e s s u r e ) ,  
- -  
The n e a r - f i e l d  e f f e c t s  f o r  t h e  p r e s s u r e  a t  t h e  p i s t o n  ( o r  a t  
t h e  mouth of t h e  ho rn )  are s imilar  t o  t h o s e  f o r  t h e  v e l o c i t y  a t  a 
monopole source :  t h e  f i rs t  maximum of a p u l s e  i s  reduced and t h e  
subsequent  minimum i s  raised. I f ,  as a s imple example, one ap- 
proximates  Eq. ( E . 1 6 )  b y  t h e  f i r s t  t h r e e  source  terms (n=0 ,1 ,2 ) ,  
one o b t a i n s  f o r  0,=30° t h e  v e l o c i t y  d i s t r i b u t i o n  on t h e  sphere  
shown i n  Fig.  E-4. The p r e s s u r e  f u n c t i o n s ,  on and o f f  a x i s ,  b o t h  
i n  t h e  near -  and i n  t h e  fa r - f ie ld  are  shown i n  F ig .  E-5 f o r  a 
simple sou rce  f u n c t i o n  c o n s i s t i n g  o f  a f u l l  sine-wave p u l s e  w i t h  
wavelength equa l  to t h e  mouth r a d i u s .  Although t h e  source  does 
no t  have a very small e f f e c t i v e  ang le ,  and t h e  frequency spectrum 
of t h e  p u l s e  c o n t a i n s  no s t r o n g  h i g h e r  components, F ig .  E-5 does 
i n d i c a t e  t h e  g e n e r a l  n e a r - f i e l d  e f f e c t s  on a p r e s s u r e  p u l s e ,  
namely: (1) c o n s t a n t  s l o p e  o f  t h e  wavefront ( i n  ampli tude s c a l e s  
t h a t  compensate f o r  t h e  s p h e r i c a l  d i v e r g e n c e ) ,  ( 2 )  r e d u c t i o n  o f  
t h e  maximum, ( 3 )  i n c r e a s e d  minimum, and, ( 4 )  a second maximum ( i n  
t h i s  p a r t i c u l a r  example).  
Adequate q u a n t i t a t i v e  d e s c r i p t i o n  of n e a r - f i e l d  e f f e c t s  a t  
t h e  mount of a horn w i t h  a small cone ang le  r e q u i r e s  use of many 
more sou rce  terms t h a n  were used i n  t h i s  s imple example. 




F 1 G . E - 1  P O L A R  D I A G R A M  OF D I S T R I B U T I O N  I N  ANGLE O F  
I N T E N S I T Y  OF WAVE R A D I A T E D  FROM OPEN END 
OF P I P E .  ( R E F . 6 )  
k a  
F 1 G . E - 2  R E F L E C T I O N  C O E F F I C I E N T  R FOR P L A N E  WAVE 
I S S U I N G  FROM OPEN END OF UWFLANGED P I P E .  
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F 1 G . E - 3  D I S T R I B U T I O N  OF T H E  COMPLEX ZEROS OF T H E  S P H E R I C A L  H A N K E L  















F1 'G.E-4  ANGULAR D I S T R I B U T I O N  OF T H E  SOURCE V E L O C I T Y ,  A P P R O X I M A T E D  BY SOURCE 
FUNCTIONS UP T O  THE ORDE'R N = 2, F O R  PISTON ANGLE eo = 300 r) 
F 1 G . E - 5  PRESSURE P U L S E S  FOR A V E L O C I T Y  P U L S E  S I N ( Z I T  t/P), I N  O = s t l P ,  ON T H E  S U R F A C E  
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( 2  r a p  / A )  
RATIO OF PISTON 
C I RCU M FE R E NC E TO WAVELENGTH 
F1G.E-6 ACOUSTIC RESISTANCE AND REACTANCE FOR PISTON SET 
IN SPHERE. RADIATION IMPEDANCE FOR PISTON = 
pc(4xa2) a sin2($do) ( e p - i x p ) .  
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ANALYSIS OF FINITE-AMPLITUDE WAVES BY METXOD OF CHARACTERISTICS 
Along some ar.bitrary curve in the r , t  space one may write the 
total derivatives of the velocity v and the pressure p as 
av 
at av d r  t - dt ar dv = -
Together with the Navier-Stokes equation f o r  conservation of 
momentum (Eq. D.l) and the equation of continuity (D.2), one may 
obtain (in matrix notation): 
PV 0 
0 dt 
The partial derivatives are uniquely determined in a l l  cases, 
except when the determinant of their coefficients vanishes, which 
occurs for 
- -  d r - v ? c .  
dt 
These are the characteristic directions (Ref. g ) ,  for which the 
Eqs. (F.3)  are not independent. Since the individual derivatives 
then are undetermined by Eq. ( F . 3 ) ,  one may not write a Taylor- 
series expansion of any dependent variable normal to these direc- 
tions. This implies that behavior obtained by integrating this 
equation on one side of the curve is not influenced by behavior 
on the other. In other words, the two characteristic curves pass- 
ing through a point ro, to in r , t  space must define a region which 
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0 
i n c l u d e s  a l l  p o i n t s  which i n f l u e n c e  t h e  behavior  a t  t he  p o i n t  r 
a t  t i m e  to (F ig .  F-1) 
t F I G U R E  F-1. 
Region o f  r-t 
space a f f e c t i n g  
p o i n t  ro at  t i m e  
I f  E q s ,  (F .3 )  are  t o  have any s o l u t i o n  a t  a l l  ( i . e . ,  i f  t h e y  
are redundant  and n o t  incompat ib le )  t h e n  t h e  r ank  of t h e  augmented 
ma t r ix  must be  t h e  same as t h e  r a n k  of t h e  c o e f f i c i e n t  ma t r ix  of 
t h e  p a r t i a l  d e r i v a t i v e s .  T h i s  f a c t  may 
fo l lowing  equa t ion ,  whose s o l u t i o n  w i l l  
t h e  c h a r a c t e r i s t i c  cu rves :  
be used t o  g e n e r a t e  t h e  
g i v e  eqda t ions  v a l i d  a long  
P P V  0 0 
0 P C  1 
d t  d r  0 du 
0 0 d t  dP 
- 2pvc2 
d e t  
dp (s - v)  + pc2dv + 2 pc2 r (E - v) d t  = 0 . 
S u b s t i t u t i o n  f o r  d r / d t  from E q .  (F .4 )  g i v e s  t h e  f i n a l  form of t h e  
equa t ions  v a l i d  a long  t h e  c h a r a c t e r i s t i c s :  
+dv + * + - 2vc d t  = 0 or (F. 6 )  P C  I? 
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These are called compatibility equations. 
Note that integration of these equations yields constants, 
which are the Riemann invariants for the spherical waves. 
Equations ( F . l )  and (F .2)  are equivalent to the original dif- 
ferential equations of Appendix D. Note that the partial differ- 
ential equations have been converted to total differential equa- 
tions (F.4)  and (F.6). These equations may be nondimensionalized 
by introducing 
where the bar over a quantity indicates that it is nondimensional, 
the asterisk subscript indicates an ambient value, and L is a ref- 




+dT + - 1 d(1 t !?) + 2 v ( 1 + F )  I d t = O ,  (F * 8 )  Y y + l r  
(1 + F) 2y 
if one also substitutes for p from the equation of state ( D e 4 ) .  
In addition to these equations, one requires expressions for 
mass and momentum conservation across a shock wave, once such a 
wave has formed. Nondimensional forms of these equations, appro- 
priate to small overpressures, are 
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(F.lO) 
where represents the nondimensional shock velocity. 
One may rewrite the foregoing equations in finite-difference 
form, and solve them using an implicit iterative scheme. The 





i r r 0 
where the subscript o refers to quantities at the vertex of the 
characteristic triangle, the subscript i refers to quantities at 
the base of the characteristic triangle and 5 is the nondimensional 
time increment. Equations (F.ll) and (F.12) contain two unknowns 
at the vertex of the characteristic triangle v 
The numerical procedure considers two types of points: those 
interior to the wavefront and those on the wavefront. For points 
interior to the wavefront, equations along both the right and left- 
running characteristics (i.e., those running in the positive and 
negative r directions respectively) are used to determine Fo and 
vo at the point ro at time To, On the wavefront, at times prior 
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- 
and calculations are unnecessary. After shock formation, po and 
vo are determined from Eq. (FelO) and the right-running (positive) 
component of Eq. (F.12). The calculation of the wavefront there- 
fore requires a condition for shock formation. In the present 
analysis the following philosophy has been adopted. It is known 
that at times prior to shock formation, the pressure and velocity 
near the wavefront are out of phase, and at shock formation they 
are in phase and should satisfy Eq, (F.lO). Therefore, the pres- 
sure calculated at the grid point directly behind the wavefront 
is substituted into Eq. (F.10) and is calculated. If is within 
15% of the calculated value of F at this point, then shock forma- 
tion ls assumed t o  occur at the next time step. 
- 
The numerical procedure is then carried ou t  as follows: A 
grid is specified in the r , t  space. The wavefront at time ‘f0-Fi 
is advanced to its new position at time € using Eq. (F.9). If 
the shock front has formed, estimates forovo and Po are used in 
Eq. (Fell) to locate a trial characteristic which provides the val- 
ues of the i-subscripted variables. Equation (F.10) and (F.12) are 
used to find new values for Po and To. If these values are suf- 
ficiently close t o  the estimated values used to calculate these 
values of Fo and To, the equations are assumed to be solved; if 
not, the latest values of Po and To are used in Eq. (F.ll) and a 
new characteristic location is determined. This procedure is re- 
peated, until a sufficient degree of convergence is obtained. 
Points on the grid inside the wavefront use both of Eqs. (F.12) 
to determine Fo and 8,. An implicit iterative scheme similar to 
that on the wavefront is also used at this type of point. Upon 
completion of calculations on the wavefront and at all points in- 
terior, the time is again updated by E and the process is repeated. 
The solution of Eqs. (F.11) for the location of the charac- 
teristics in the back time plane is accomplished with the aid of 
a Newton-Raphson iteration procedure using the previously deter- 
mined data in the back time plane. A quadratic interpolation 
scheme is used to determine values at any point in the back time 
plane which does not lie on the grid. 
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A l i m i t e d  exper imenta l  program was under taken ,  for the  
purpose o f  v e r i f y i n g  t h e o r e t i c a l  p r e d i c t i o n s  and to provide  
a d d i t i o n a l  i n fo rma t ion  about  t h o s e  parameters  which could  no t  
be  i n v e s t i g a t e d  t h e o r e t i c a l l y .  
Experimental  Apparatus 
Volume-Velocity Pu l se  Source - A " f l e x i b l e  p i s t o n "  s y s t e m  
was b u i l t  to provide  a s i n g l e  v e l o c i t y  i n p u t  p u l s e  to t h e  ho rn ,  
T h i s  f l e x i b l e  p i s t o n  avo ids  t h e  compl ica t ions  a s s o c i a t e d  w i t h  
ex t remely  f a s t - a c t i n g  va lves ,  which would o therwise  have been 
r e q u i r e d  f o r  t h i s  s tudy .  
The "p is ton"  here  c o n s i s t s  of a t h i n  (1 /32  i n c h )  neoprene 
membrane mounted a t  t he  t h r o a t  o f  t h e  horn ;  sudden a p p l i c a t i o n  
o f  a p r e s s u r e  p u l s e  d e f l e c t s  t h e  membrane and produces a volume- 
v e l o c i t y  p u l s e  i n  t h e  horn.  A w i re  mesh "ca tcher"  (See F i g ,  
G-1) was used  to s t o p  t h e  motion of t h e  membrane nea r  i t s  peak 
v e l o c i t y  p o i n t ,  t h u s  d e c e l e r a t i n g  t h e  f low ahead of  t h e  mem- 
b rane  qu ick ly  and c l e a n l y .  The c a t c h e r  a l s o  p reven t s  f r ee  
o s c i l l a t i o n s  of t h e  membrane, which would cause undes i r ab le  
secondary p r e s s u r e  f l u c t u a t i o n s .  However, t h e  i n h e r e n t  elas- 
t i c i t y  o f  t h e  c a t c h e r  i s  thought  to permi t  t h e  b a c k - r e f l e c t i o n  
of t h e  p u l s e  to impar t  a s m a l l  n e g a t i v e  v e l o c i t y  to t h e  mem- 
brane  immediately fo l lowing  the  p o s i t i v e  p u l s e ;  such a small 
nega t ive  v e l o c i t y  was found t h e o r e t i c a l l y  to b e  d e s i r a b l e .  
The d r i v e r  f o r  t h e  membrane-piston i s  b a s i c a l l y  a cy l in -  
d r i c a l  t u b e ,  c l o s e d  o f f  by a breakable diaphragm (o f  a c e t a t e ,  
c e l l u l o s e ,  o r  m y l a r ) .  I n  o r d e r  to subJec t  t h e  membrane to a 
p r e s s u r e  p u l s e ,  t h e  diaphragm i s  p r e s s u r i z e d  up to i t s  (known 
and r e p e a t a b l e )  b reak ing  p o i n t ,  w h i l e  t h e  small space  between 
the  diaphragm and membrane i s  vented  to t h e  ambient atmosphere 
v i a  a small opening. T h i s  v e n t i n g  avo ids  any p re -de f l ec t ion  
o f  t h e  membrane, which would reduce  i t s  t r a v e l  when t h e  pres-  
s u r e  p u l s e  a r r ives , ,  
83 
Report No. 1 9 4 0  Bo l t  Beranek and Newman I n c .  
Horns. - Conica l  horns  of t h r e e  d i f f e r e n t  geometr ies  were 
c o n s t r u c t e d  from f i b e r - r e i n f o r e e d  p o l y e s t e r  r e s i n .  All horns  
had t h e  same t h r o a t  diameter ( 2 . 2 5  i n c h e s ) .  The horn  te rmi-  
nology and t h e  th ree  c o n f i g u r a t i o n s  are shown i n  F i g ,  G - 2 .  
An "exponent ia l"  f l a r e  was added t o  t h e  end o f  t h e  7.5' 
horn  for a s e r i e s  of t es t s ,  t o  determine  i t s  e f f e c t  on t h e  
h o r n ' s  r a d i a t i o n  c h a r a c t e r i s t i c s .  The geometry of  t h i s  f l a r e  
i s  shown i n  F i g .  G - 3 .  
For t h e  purpose  of i n v e s t i g a t i n g  t h e  N-wave r a d i a t i o n  
c h a r a c t e r i s t i c s  of m u l t i p l e  horn  a r r a y s ,  two 5O-horns were 
j o i n e d  t o  t h e  d r i v e r  by two tubes  of  i d e n t i c a l  l e n g t h s ,  as 
shown i n  F ig .  G-4. 
Measurement of  Membrane Ve loc i ty .  - The v e l o c i t y  of  t h e  
" f l e x i b l e  p i s t o n "  was de termined  by g r a p h i c a l  d i f f e r e n t i a t i o n  
of observed displacement- t ime data. Displacement-t ime curves  
were obta ined  by means of a s p e c i a l l y  b u i l t  dev ice ,  c o n s i s t i n g  
of a l i g h t w e i g h t  me ta l  "plunger"  which has one end a t t a c h e d  to 
t h e  membrane and t h e  o t h e r  end p a s s i n g  through a tube  con ta in ing  
e i g h t  e q u a l l y  spaced  0.0005-inch d iameter  p la t inum w i r e s ,  ( F i g .  
G - 5 ) .  The p lunge r  was connected e l e c t r i c a l l y  to one s i d e  of a 
de v o l t a g e  sou rce ;  t h e  F r a g i l e  p la t inum wi res  were a l l  connected 
to t h e  o t h e r  t e r m i n a l  o f  t h e  vo l t age  sou rce ,  s o  t h a t  con tac t  of 
t h e  moving p lunge r  w i t h  a w i r e  c lo sed  t h e  c i r c u i t  (and r u p t u r e  
of t h e  wi re  opened i t  a g a i n , )  The weight  o f  t h e  p lunger  was 
0.267 grams, or about 10% of  t h a t  of t h e  neoprene membrane. 
Measurement of Flow Ve loc i ty  a t  Throa t .  - Veloc i ty  wave- 
forms were measured b y  means of a cons tan t - tempera ture  hot  wi re  
probe ( . O O O 2 5  i n c h  diameter w i re ) ;  t h e  probe and a m p l i f i e r  s y s -  
t e m  i s  e s t i m a t e d  to be e f f e c t i v e  to f r e q u e n c i e s  up t o  1 0 0  KHz. 
Extens ive  v e l o c i t y  surveys  were no t  made, because t h e  ho t  w i r e  
s y s t e m  cannot d i s c r i m i n a t e  a g a i n s t  non-axial  components ( such  
as t u r b u l e n c e )  and t h u s  produce r e s u l t s  which cannot be i n t e r -  
p r e t e d  e a s i l y .  
Measurement of P res su res .  - Pressu res  i n  t h e  horn were mea- 
su red  w i t h  a BBN Model 3 7 2  Pressu re  Transducer  (1/4- inch d i ame te r )  
which i s  r e l i a b l e  a t  h igh  p r e s s u r e s  and has a dynamic range  (+1% 
d i s t o r t i o n )  from 80 dR to 190 dB SPL ( r e  0 , 0 0 0 2  p b a r )  and a fie- 
quency response  t h a t  i s  f l a t  ( w i t h i n  - + . 5 - d B )  from 0.1 Hz t o  20 
KHz . 
Pressu res  o u t s i d e  t h e  horn were measured w i t h  a B&K 1/4-inch 
condenser  microphone (Model 4135) ,  which has a dynamic range from 
approximately 60 dB to 174 d B  SPL ( r e  0 . 0 0 0 2  p b a r )  and a f l a t  f r e -  
quency response  (+1 dI3) from 20 Hz to 1 0 0  KHz. The waveforms and 
p r e s s u r e  l e v e l s  measured a t  t h e  ends o f  t h e  horns  b y  t h e s e  two 
t r a n s d u c e r s  were found to be i d e n t i c a l  w i t h i n  exper imenta l  l i m i t s .  
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All s i g n a l s  were d i s p l a y e d  on a Tex t ron ix  dual-beam o s c i l -  
loscope and recorded  w i t h  a cope-face P o l a r o i d  camera. A BBN 
Model 372 t r a n s d u c e r ,  l o c a t e d  i n  t h e  d r i v e r ,  was used to t r i g g e r  
t h e  o s c i l l o s c o p e  sweep e 
R e s u l t s  
Ve loc i ty  and P r e s s u r e  Inpu t  Func t ions ,  - The measured d i s -  
placement-time curve of t h e  c e n t e r  o f  t h e  membrane i s  shown i n  
F ig .  G - 6 .  The p a r a b o l i c  shape of t h e  curve a t  low va lues  of  
t i m e  i n d i c a t e s  t ha t  t h e  e a r l y  motion o f  t h e  membrane i s  mass- 
c o n t r o l l e d ;  t h e  more l i n e a r  l a t e r  p a r t  o f  t h e  displacement-t ime 
h i s t o r y  i n d i c a t e s  t ha t  t h e  motion t h e n  i s  more n e a r l y  s t i f f n e s s -  
c o n t r o l l e d .  F igu re  G-7 shows t h e  v e l o c i t i e s  deduced from t h e  
displacement-t ime measurements. The v.pper curve r e p r e s e n t s  t h e  
maximum ( o r  c e n t e r l i n e )  v e l o c i t y  of t h e  membrane, and t h e  lower 
curve the  average v e l o c i t y ,  as c a l c u l a t e d  from t h e  approximate 
d e f l e c t i o n  shape of t h e  membrane. At, t he  t ime cor responding  
to impact on t h e  c a t c h e r ,  t h e  v e l o c i t y  curves  are e x t r a p o l a t e d  
t o  zero .  The average v e l o c i t y  curve i s  compared i n  F i g .  G-8 
w i t h  t h e  r e s u l t  o f  a h o t  w i r e  measurement t aken  i n  t h e  t h r o a t  
of t h e  horn.  
T h e  h o t  w i r e  data r e q u i r e  some i n t e r p r e t a t i o n ,  because 
t h e y  e s s e n t i a l l y  i n d i c a t e  t h e  l o c a l  p a r t i c l e  speed,  wi thout  
r e g a r d  to t he  d i r e c t i o n  of t h e  flow. The nonuniform v e l o c i t y  
d i s t r i b u t i o n  i n  t h e  t h r o a t  i s  expec ted  to c r e a t e  v o r t i c e s ,  
which decay s lowly (thus t h e  " t a i l "  on t h e  c u r v e ) ,  and t h u s  
t h e  measured ve loc i ty - t ime  h i s t o r y  may not  b e  f u l l y  c o r r e l a t e d  
w i t h  t h e  s c a l a r  volume-velocity p u l s e  of i n t e r e s t .  
A t y p i c a l  p ressure- t ime f u n c t i o n  measured a t  t h e  t h r o a t  
i s  shown i n  F i g .  G - 9 ,  t o g e t h e r  w i t h  t h e  average v e l o c i t y  i n p u t  
f u n c t i o n  from F ig .  G - 7 .  The z e r o  t i m e  r e f e r e n c e s  were chosen 
a r b i t r a r i l y  (depending on t h e  scope t r i g g e r i n g  l e v e l s ) ;  i n  
s p i t e  of t h i s ,  one f i n d s  good agreement between t h e  l e a d i n g  
edge of t h e  p r e s s u r e  and t h a t  of v e l o c i t y  p u l s e .  C a l c u l a t i o n  
of  t h e  v e l o c i t y  p u l s e  from t h e  p r e s s u r e  p u l s e  accord ing  to Eq. 
( B . 4 )  g i v e s  a good agreement between t h e  peak p r e s s u r e  and peak 
v e l o c i t y ,  e s p e c i a l l y  when n o n l i n e a r i t i e s  are cons idered .  How- 
e v e r ,  t h e  p r e s s u r e  p u l s e  i s  cons ide rab ly  s h o r t e r  t han  expected 
from t h e  v e l o c i t y  p u l s e .  A p o s s i b l e  e x p l a n a t i o n  f o r  t h i s  short- 
en ing  may be t h a t  t h e  added mass of t h e  "plunger" reduced the  
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membrane v e l o c i t y  and t h u s  i n c r e a s e d  t h e  t r a v e l  t ime,  r e s u l t i n g  
i n  an ove res t ima te  of t h e  p u l s e  d u r a t i o n  f o r  t h e  membrane wi th -  
ou t  t h e  added p lunger .  I f  t h e  hot-wire  d a t a  are "co r rec t ed"  s o  
t h a t  t h e  maximum g r a d i e n t  i s  made to e q u a l  t h e  i n i t i a l  g r a d i e n t ,  
t h e n  one f i n d s  a r e d u c t i o n  i n  p u l s e  l e n g t h  to approximately 
0.45 m s ,  which ag rees  approximately w i t h  t h e  p r e s s u r e  data.  The 
t r a i l i n g  edges of  t h e  p u l s e s  i n  F ig .  G-9 may be a s c r i b e d  to t h e  
e f f e c t s  of e l a s t i c i t y  of t h e  c a t c h e r  and to decay of t h e  v e l o c i t y  
due t o  r e l a x a t i o n  e f f e c t s .  
P re s su re  Amplitudes on Axis. - The p o s i t i v e  and n e g a t i v e  peak 
p r e s s u r e s  observed a t  v a r i o u s  d i s t a n c e s  from t h e  horn a r e  p l o t t e d  
i n  F ig .  G-10, f o r  t h e  va r ious  horns i n v e s t i g a t e d .  
F igu re  G-10 shows t h a t  bo th  t h e  p o s i t i v e  and n e g a t i v e  peaks 
fo l low approximately t h e  l a w  f o r  1ines . r  sp read ing  loss ( i . e . ,  
6 dB dec rease  p e r  d i s t a n c e  doub l ing ) .  The l o s s  i n  p u l s e  ampli- 
t ude  l e v e l  a s s o c i a t e d  w i t h  p u l s e  t r a n s m i s s i o n  o u t  of t h e  horn 
mouth i s  seen  to be smallest f o r  t h e  narrowest  (5 ')  horn,  and 
l a r g e s t  f o r  t h e  wides t  (9 .75")  ho rn ,  
Near t h e  t h r o a t  t h e  p o s i t i v e  peak decays somewhat f a s t e r  
t h a n  t h e  6 dB p e r  d i s t a n c e  doubl ing;  t h i s  behav io r  may b e  as- 
c r i b e d  to n o n l i n e a r  e f f e c t s .  The n e g a t i v e  peaks do no t  e x h i b i t  
such behavior .  
For t h e  narrow-angle horns ,  t h e  p o s i t i v e  peak i s  seen  to 
drop l i t t l e  - o r  even to i n c r e a s e  - i n  t h e  v i c i n i t y  of t h e  
mouth. T h i s  behav io r  may be  a s c r i b e d  t o  t h e  e f f e c t  of r e f l e c -  
t i o n s  from the  (mouth) end, which are more pronounced i n  narrow 
ang le  horns .  
The t r a n s i t i o n  Zoss of a horn  may be  d e f i n e d  as t h e  d i f -  
f e r e n c e  i n  l e v e l  ( expres sed  i n  dB)  between t h e  "-6 dB p e r  d i s -  
t a n c e  doubled" l i n e  a p p l i c a b l e  f o r  ampl i tudes  o f  p r e s s u r e  p u l s e s  
i n  t h e  horn and t h e  l i n e  of t h e  same s l o p e  a p p l i c a b l e  to p u l s e s  
i n  t h e  f a r  f i e l d .  A s  e v i d e n t  from F ig .  G-10, t h e  t r a n s i t i o n  
loss i s  g r e a t e r  f o r  horns  w i t h  smal ler  cone ang le s ;  t h i s  t r e n d  
i s  i n  g e n e r a l  agreement w i t h  theo ry .  Because very-low-frequency 
components are r a d i a t e d  o m n i d i r e c t i o n a l l y ,  one expec t s  them to 
e x h i b i t  a t r a n s i t i o n  loss due to sp read ing  of  
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where r e p r e s e n t s  t h e  s p h e r i c a l  angle  of  t h e  cone and 8, t h e  
semi-angle of t h e  cone s e c t i o n  ( s e e  Fig.  G - 2 ) ,  and where t h e  
approximat e e q u a l i t y  holds  f o r  
Higher-frequency components sp read  less o m n i d i r e c t i o n a l l y  
o u t s i d e  t h e  horn,  and t h e r e f o r e  should  have l e s s  t r a n s i t i o n  l o s s  
due to spreading .  I n  a d d i t i o n  to t h i s  sp read ing ,  however, t h e r e  
occurs  a r e f l e c t i o n  e f f e c t ,  which i s  g r e a t e r  f o r  s m a l l e r  horn 
angles .  I n  F ig .  G - 1 0 ,  t h e  observed t r a n s i t i o n  loss i s  seen  to 
approach the l i m i t i n g  va lue  only f o r  t h e  5' horn,  whi le  be ing  
s i g n i f i c a n t l y  l e s s  f o r  t h e  o t h e r  horns .  
From Fig.  G - 1 1 ,  which shows t h e  -6 dB l i n e s  f o r  t h e  t h r e e  
horn c o n f i g u r a t i o n s ,  u s ing  d i s t a n c e  measured i n  terms o f  source  
r a d i u s  r , one f i n d s  t h a t  t h e  l e v e l s  c b t a i n e d  w i t h i n  a l l  t h r e e  
horns ar& comparable. 
7.5' horns ,  t h e  nega t ive  p a r t  o f  t h e  p u l s e  had a g r e a t e r  t r a n -  
s i t i o n  loss t h a n  t h e  . p o s i t i v e  p a r t ,  whereas for t h e  9.75' horn 
b o t h  par t s  had e s s e n t i a l l y  t h e  same loss.) 
(One may a l s o  n o t e  t h a t  f o r  t h e  5' and 
Off-Axis P res su re  V a r i a t i o n s  ( D i r e c t i v i t y ) .  - The pure- 
tone  d i r e c t i v i t y  of  a l l  horns was measured i n  an anechoic  room. 
Sample r e s u l t s  f o r  the  9.75' horn  are p resen ted  i n  F ig .  G - 1 2 .  
A l l  horns  e x h i b i t e d  l i t t l e  d i r e c t i v i t y  e f f e c t  w i t h i n  t h e  cone 
angle  ( a t  f r e q u e n c i e s  up to 1 0  K H z ) .  Outs ide  t h e  cone ang le ,  
t h e  pure- tone d i r e c t i v i t i e s  were found to be very similar to 
tha t  of  an unf langed  p ipe .  (The s l i g h t l y  lesser d i r e c t i v i t y  
of horns may be a s c r i b e d  to t h e  cu rva tu re  of t h e  wavefront . )  
A s  one e x p e c t s ,  t h e  horns w i t h  smaller ang le s  were found to be 
more d i r e c t i v e .  
Measurements were made i n  o r d e r  to determine 
how t h e  N-wave p r e s s u r e  ampli tudes vary w i t h  angle .  For  a l l  
horns ,  the  peak ove rp res su res  were found to decrease  at f i rs t  
r a t h e r  r a p i d l y  o u t s i d e  t h e  horn ang le ,  and then  t o  dec rease  
more s l o w l y  ( see  F igs .  G-13) .  A s  can be seen  by examinat ion 
of t h e  waveforms i n  Appendix H, t h e  high frequency components 
o f  an N-wave are a t t e n u a t e d  r a p i d l y  beyond t h e  horn ang le ,  
l e a v i n g  a smooth p u l s e  a t  l a r g e  ang le s .  
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N o n l i n e a r i t y  E f f e c t s .  - The p r e s s u r e  g r a d i e n t s  a t  t h e  lead- 
i n g  edges of t h e  p o s i t i v e  p a r t s  of N-wave p u l s e s  were e v a l u a t e d  
f r o m  pressure- t ime t r a c e s ,  i n  o r d e r  t o  s tudy  t h e  e f f e c t s  of  non- 
l i n e a r i t i e s  e s i g n i f i c a n t  e f f e c t s  were found, bo th  i n s i d e  t he  
horn and o u t s i d e  i t ,  w i t h i n  t h e  cone angle .  
Gradien ts  observed on a x i s  a r e  p l o t t e d  i n  F i g ,  G - 1 4 ,  as a 
f u n c t i o n  of d i s t a n c e  measured from t h e  apex o f  t h e  cone, Also 
shown i n  the  f i g u r e  are corresponding t h e o r e t i c a l  curves ,  one 
based on l i n e a r  a n a l y s i s ,  t h e  o t h e r  based on a n o n l i n e a r  calcu-  
l a t i o n  [us ing  Eq. (D.35) and an observed data  p o i n t  n e a r  t h e  
t h r o a t ] .  The agreement between theo ry  and experiment i s  s a t i s -  
f a c t o r y ,  w i t h i n  t h e  accuracy of data r e d u c t i o n  p o s s i b l e  from 
t h e  o s c i l l o s c o p e  t r a c e s .  
N o n l i n e a r i t i e s  a l s o  decrease  t h e  r i s e  t imes  ( i , e . ,  t h e  
t ime i n t e r v a l s  between t h e  l e a d i n g  edge of t h e  p u l s e  and t h e  
f i r s t  p r e s s u r e  peak)  as t h e  p u l s e  p ropaga te s ,  T h i s  s imple r  
measure o f  n o n l i n e a r i t i e s  l e a d s  to a somewhat smoother expe r i -  
mental  curve ( t h a n  tha t  deduced f r o m  t h e  g r a d i e n t s ) ,  which has 
a s m a l l  s l o p e  i n s i d e  t h e  horn and a s t e e p e r  one beyond t h e  
mouth. 
Outside t h e  horn,  n o n l i n e a r  e f f e c t s  a r e  found t o  be con- 
f i n e d  to w i t h i n  the  horn ang le ,  as ev iden t  f r o m  F ig .  G - 1 5 .  
At angu la r  p o s i t i o n s  w e l l  o u t s i d e  t h e  horn ang le ,  t h e  p u l s e s  
e x h i b i t  l o n g e r  r i s e - t i m e s  and smaller g r a d i e n t s  t han  w i t h i n  t h e  
horn  angle .  (Note tha t  t h e  o f f - ax i s  p r e s s u r e  g r a d i e n t s  r e p o r t e d  
r e f e r  to t h e  maximum g r a d i e n t  of t h e  p o s i t i v e  p u l s e ,  which i s  
g e n e r a l l y  not  t h e  i n i t i a l  g r a d i e n t . )  The slow changes i n  bo th  
t h e  r i s e  times and t h e  p r e s s u r e  g r a d i e n t s  n e a r  0 = 90" aga in  
i n d i c a t e  t h a t  t h e  s t r o n g l y  d i r e c t i v e  h igh  frequency components 
o f  t h e  p u l s e  have r e l a t i v e l y  l i t t l e  e f f e c t  a t  l a r g e  ang le s .  
Pulse  Durat ion.  - The p e r i o d  o f  t h e  p o s i t i v e  p a r t  of an 
N-wave-like waveform may be  de f ined  as t i m e  d u r i n g  which t h e  
p r e s s u r e  i s  p o s i t i v e ;  an analogous d e f i n i t i o n  may be a p p l i e d  to 
t h e  n e g a t i v e  p a r t .  Within a l l  t h e  horns  t e s t e d ,  t h e  p e r i o d s  o f  
t h e  p o s i t i v e  and n e g a t i v e  p a r t s  of t h e  p u l s e  were e s s e n t i a l l y  
cons t an t ,  and t h e  two p e r i o d s  were very n e a r l y  t h e  same i n  a l l  
horns ( i n d i c a t i n g  t h a t  t h e  frequency con ten t  of a l l  t h e  p u l s e s  
w a s  about t h e  same). Outs ide  t h e  horn ,  bo th  t h e  p o s i t i v e  and 
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Dual-Horn A r r a y s .  - The use of m u l t i p l e  horn a r r a y s  was 
cons idered ,  i n  o r d e r  to e v a l u a t e  t h e i r  f e a s i b i l i t y  and t h e i r  
p o t e n t i a l l y  h igh  d i r e c t i v i t y  compared to a s i n g l e  l a r g e  horn.  
A d u a l  horn array,  u s i n g  5" ho rns ,  was c o n s t r u c t e d  s o  as to 
be compatible w i t h  t h e  same d r i v e r  as used f o r  t h e  s i n g l e  
horns .  The p u l s e  from the  d r i v e r  was " s p l i t "  and passed  through 
t u b e s  o f  e x a c t l y  e q u a l  l e n g t h  to t h e  t h r o a t s  of t h e  two horns .  
It was found t h e  p u l s e s  i n  t h e  two horns were i n  phase,  
w i t h i n  t h e  a v a i l a b l e  measurement accuracy.  
Pure-tone d i r e c t i v i t y  measurements made on t h e  dual-horn 
array showed tha t  seve re  i n t e r f e r e n c e  e f f e c t s  were p r e s e n t ,  
and t h a t  f o r  components above 2 . 0  KHz, t h e  e f f e c t i v e  h a l f  angle  
(-3 d B )  for d i r e c t i v i t y  i s  l e s s  t h a n  5 O .  The observed pure- 
t one  d i r e c t i v i t y  p a t t e r n s  a r e  shown i n  F ig .  G - 1 8 ,  
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LUCITE TUBE 
F 1 G . G - 5  D E V I C E  FOR MEASUREMENT OF D I S P L A C E M E N T  
H I S T O R Y  OF MEMBRANE 
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A N G L E  F O R  5 "  H O R N .  
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F1G.G-18a P U R E  T O N E  D I R E C T I V I T Y  OF D U A L - H O R N  A R R A Y  ' 
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F 1 G . G - 1 8 b  P U R E  T O N E  D I R E C T I V I T Y  OF D U A L - H O R N  A R R A Y .  
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1 
1 Milliseconds 
F1G.G-19 PRESSURE P U L S E S  OBSERVED A T  FOUR ANGLES AND 
TWO D I S T A N C E S  FROM DUAL-HORN ARRAY. [ d # =  
12  i n . ]  ( S E E  F I G .  6 - 2  FOR NOMENCLATURE)  
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APPENDIX H 
SUMMARY OF OBSERVED WAVEFORMS 
This  appendix c o n s i s t s  of s i x  f i g u r e s ,  which i l l u s t r a t e  how 
t h e  observed waveforms generated by t h e  experimental  system vary 
with d i s t ance  f rom the  source and w i t h  angle from t h e  horn a x i s ,  
f o r  the t h r e e  cone angles s tud ied .  
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F 1 G . H - 1  O N - A X I S  WAVE FORMS A T  V A R I O U S  D I S T A N C E S  FROM S O U R C E  
( 9 . 7 5 O  H O R N ;  ro  = 5 .0" ,  dbl = 1 8 . 4 " )  
4. 
[ S E E  F 1 G . G - 2  F O R  N O M E N C L A T U R E ]  124 
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F 1 G . H - 2  O N - A X I S  WAVE FORMS A T  V A R I O U S  D I S T A N C E S  FROM S O U R C E  
(9.75O HORN;  ro  = 5 . 0 t i g  dM = 1 8 . 4 " )  
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L 
6 1.2 
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40.5 I- s Milliseconds --I 0.5 C- 1 Milliseconds 
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4 0.5+ 1 Mil llseconds 
4 0.5+ 1 Milliseconds 
Mi I 1 i seF6nds 
F 1 G . H - 3  O N - A X I S  WAVE FORMS AT V A R I O U S  D I S T A N C E S  FROM SOURCE 
(7.5' HORN-NO F L A R E ;  ro  = 7.0" ,  dM = 1 2 . 5 " )  
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F 1 G . H - 4  O N - A X I S  H A V E  FORMS A T  V A R I O U S  D I S T A N C E S  FROM SOURCE 
(7 .5 '  HORN - NO F L A R E ;  Y O  = 7 . 0 " p  dM = 1.2.5")  
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J Mil liseconds 
4 0 . 5 F  
MI I I1 seconds 
F 1 G . H - 5  O N - A X I S  WAVE FORMS A T  V A R I O U S  D I S T A N C E S  FROM SOURCE 
( S I I I G L E  5' HORN; r o  = 1 O . O ' l 9  dM = 1 2 . 2 5 " ) ;  
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F 1 G . H - 6  NAVE FORMS A T  V A R I O U S  ANGLES FROM A X I S  OF 9.75' HORN 
[ S E E  F I G , G - 2  FOR NOMENCLATURE] 
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F I G , H - 7  WAVE FORMS A T  V A R I O U S  ANGLES FROM A X I S  OF 7.5'HORN 
[ S E E  F1G.G-2 FOR NOMENCLATURE]  
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